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We investigate singular geometries which can be associated with warped branes in arbitrary dimen- 
sions. If the brane tension is allowed to be variable, the extremum condition for the action requires 
additional constraints beyond the solution of the field equations. In a higher dimensional world, 
such constraints arise from variations of the metric which are local in the usual four-dimensional 
spacetime, without changing the geometry of internal space. As a consequence, continuous families 
of singular solutions of the field equations, with arbitrary integration constants, are generically re- 
duced to a discrete subset of extrema of the action, similar to regular spaces. As an example, no 
static extrema of the action with effective four-dimensional gravity exist for six-dimensional grav- 
ity with a cosmological constant. These findings explain why the field equations of the reduced 
four-dimensional theory are not consistent with arbitrary solutions of the higher dimensional field 
equations - consistency requires the additional constraints. The characteristic solutions for variable 
tension branes are non-static runaway solutions where the effective four-dimensional cosmological 
constant vanishes as time goes to infinity. 



I. INTRODUCTION 

It is conceivable that our observed four-dimensional 
world corresponds to a generalized membrane - "brane" 
- embedded in a higher dimensional world 0, The 
presence of the brane modifies the higher dimensional ge- 
ometry. One important ingredient is the warping factor, 
which is the analogue of the gravitational potential for 
a black hole solution in four dimensions. (Black holes 
are special cases of pointlike branes.) Higher dimensional 
spaces with warping have been investigated intensively in 
the past [3, [1] I 01 1 Hi- A continuous family of warped 
solutions has been found in six-dimensional gravity with a 
cosmological constant, depending on free integration con- 
stants y . In particular, the effective four-dimensional cos- 
mological constant can be considered as one of the integra- 
tion constants, being therefore a property of the solution 
rather than given by the parameters of the higher dimen- 
sional theory. While the geometries corresponding to these 
solutions are rather strange and do not lead to an accept- 
able effective four-dimensional theory, similar features have 
been observed for warped branes in the six-dimensional 
Einstein-Maxwell theory Q • These solutions describe codi- 
mension two singularities, similar to strings in four dimen- 
sions, and do not share some of the problems of the solu- 
tions in ref. 14]. In modern language, these are codimension 
two branes QiSi [l]- actually the first warped brane so- 
lutions. (The equivalence of the bulk point of view with 
"non-compact" or singular geometries and the brane point 
of view where a brane sits at the singularity is discussed 
extensively in [ld|, see also Q-) 

One may ask the question if all the warped solutions 
within these continuous families are equally acceptable. 
Since some of the integration constants are directly re- 
lated to the brane tension [l3|, the issue if all integration 
constants are allowed depends on the status of the brane. 
We may distinguish between two types of branes - fixed 
tension branes and variable tension branes. For fixed ten- 
sion branes the tension is treated as a fixed parameter of 



the model, while for variable tension branes the tension 
is a property of a particular solution and may change in 
the course of the cosmological evolution. Only for variable 
tension branes the tension has the status of an integration 
constant. In contrast, for fixed tension branes one of the 
integration constants of the most general "bulk solution" 
is fixed by the brane tension. 

In our four-dimensional world we can find analogues of 
the two types of branes. An example for fixed tension 
branes are strings in grand unified theories (cosmic strings) . 
Here the string tension can be calculated from the param- 
eters of the microscopic theory. It should be considered 
as a fixed parameter for the effective theory at distances 
larger than the transverse size of the string. (In this effec- 
tive theory the string appears as a singular object, while in 
the microscopic theory it is regular.) An example for vari- 
able tension branes are black holes. Here the strength of 
the singularity is determined by the mass of the black hole 
Mbh- It is a property of a particular solution, reflecting 
the cosmological history of a given astrophysical object. 
The mass of the black hole can change in the course of 
the history by accretion of mass. Thus the strength of the 
singularity should indeed be considered as an integration 
constant. 

For four-dimensional black holes one finds a continuous 
family of static isotropic Schwarzschild solutions, parame- 
terized by the integration constant Mbh ■ By analogy, one 
may therefore guess that variable tension branes in higher 
dimensions also lead to continuous families of solutions, 
with free integration constants. In this paper we argue 
that in general this is not the case. 

If the brane tension is variable, metric fluctuations that 
change the brane tension cannot be excluded. The ex- 
tremum condition for the action with respect to such fluc- 
tuations leads to constraints beyond the higher dimensional 
field equations. These additional "brane constraints" ex- 
clude most of the values of the integration constants of 
the general solution of the field equations. The case of a 
continuous family of solutions similar to the black holes is 
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an exceptional special case. The generic situation admits 
at most a discrete number of solutions, similar to regular 
spaces. In particular, the continuous family of solutions 
of ref. [J cannot be realized by variable tension branes 
- none is an extremum of the action with respect to ar- 
bitrary variations of the metric. Only for a fixed tension 
brane one particular solution becomes consistent, with in- 
tegration constants chosen according to the brane tension. 
In this case, however, the four- dimensional cosmological 
constant is fixed by the brane tension as a parameter of 
the theory. It appears no longer as an integration con- 
stant associated with a particular solution. (We employ 
the wording of "brane tension" here in a generalized sense 
for the strength of the singularity. It always character- 
izes the singular energy momentum tensor in the "brane 
picture" , even though the singularities are sometimes not 
really branes in a stricter sense, as for the solutions in [^.) 

Solutions of the higher dimensional field equations are 
guaranteed to be extrema of the action with respect to all 
local field variations. Local field variations in a higher di- 
mensional sense are restricted to a neighborhood around 
some point in higher dimensions. They do not change the 
strength of a singularity. In contrast, local field variations 
in a four-dimensional sense are only local around some 
point in four-dimensional space, but not restricted to be 
local in internal space as well. For example, fluctuations 
that do not change the shape of internal geometry, while 
changing the four-dimensional metric locally, are local in 
a four-dimensional sense, but not in a higher dimensional 
sense. Such variations often change the strength of the sin- 
gularity. They may therefore be forbidden for fixed tension 
branes, while they count among the natural variations for 
variable tension branes. 

An effective four-dimensional theory can be obtained by 
expanding in fluctuations around a given higher dimen- 
sional solution, and integrating over internal space. The in- 
finitely many "Kaluza-Klein modes" are usually truncated 
to a finite subset. Typically, the effective four-dimensional 
theory contains the four-dimensional metric as well as 
four-dimensional scalar fields, the latter corresponding to 
changes of size and shape of the internal geometry, that 
are local in a four-dimensional sense. (In addition, there 
may be fermions and gauge fields which are not relevant for 
our discussion.) An extremum of the higher dimensional 
action should be refiected as an extremum of the effective 
four-dimensional action. In the Einstein frame, where the 
coefficient of the four-dimensional curvature scalar is a con- 
stant, an extremum of the four-dimensional effective action 
has to correspond to an extremum of the effective four- 
dimensional scalar potential V. This should hold whenever 
the higher dimensional solution has static size and shape of 
internal space and static warping. An explicite computa- 
tion shows that this is not the case for arbitrary integration 
constants of the higher dimensional solutions. 

In general, the four-dimensional field equations for the 
infinitely many fields are more restrictive than the higher 
dimensional field equations. The four-dimensional field 
equations are the extremum conditions for the action 
with respect to all fluctuations which are local in a four- 



dimensional sense. In contrast, the higher dimensional field 
equations correspond to variations of fields which are local 
in a higher dimensional sense. The second class of fluctu- 
ations is only a subset of the first. For a singular internal 
geometry, solving the higher dimensional field equations is 
a necessary, but not a sufficient condition for solving the 
four-dimensional field equations. 

As an illustrative example we may discuss the solutions 
of ref. [J] for six dimensional gravity with a cosmologi- 
cal constant. They have two internal dimensions, D = 2, 
with SO{D) symmetry. The internal geometry and the 
warping are static, and the effective four-dimensional cos- 
mological constant A is a free integration constant. We 
may generalize this construction to arbitrary D, within 
D + A dimensional gravity with a cosmological constant 
0. For the effective four-dimensional theory we consider 
here variations of the size of internal space, L{x), and vari- 
ations of the scale of the D — 1 dimensional subspace on 
which the SO{D) symmetry acts, denoted by A{x). The 
four-dimensional scalar field corresponding to L{x) is often 
called the radion. The solution of the higher dimensional 
field equations corresponds to L = A = 1, and we consider 
variations which are local in the coordinates of the usual 
four-dimensional space . Nevertheless, an overall rescal- 
ing of the "internal metric" by L modifies the strength 
of the singularity. Also variations of the four-dimensional 
metric change the strength of the singularity. 

In sect. IIVI we discuss the most general solutions of the 
higher dimensional field equations which lead to a finite co- 
efficient of the four-dimensional curvature scalar or a finite 
effective reduced Planck mass M . Finite M is required for 
a consistent effective four-dimensional gravity [ll| . Generi- 
cally, these solutions have two singularities. One is a brane, 
the other is a "zerowarp" solution for which the warping 
factor vanishes at the singularity. For special choices of the 
integration constants the brane singularity gets replaced 
by a regular behavior - these are the solutions discussed in 
refs. U, jB]. After dimensional reduction, we compute the 
effective four-dimensional scalar potential for L and A in 
sects. IVml HXl 
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Here cy and ca are constants that depend on the particular 
higher dimensional solution around which we expand, in 
particular on the integration constant A. The constant 
Cv is proportional to the higher dimensional cosmological 
constant. 

An extremum of the higher dimensional action requires 
that V{L,A) should have an extremum for L = A = 1. 
Only for these values of L and A the higher dimensional 
field equations are obeyed. Inspection of eq. ([T]) shows, 
however, that for D = 2 the potential has no extremum at 
all, while for Z? > 2 an extremum at L = A = I requires 
the "brane constraints" 
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The first brane constraint fixes the effective four- 
dimensional cosmological constant in terms of the higher 
dimensional cosmological constant. (The specific higher di- 
mensional solution obeying the condition to ^ turns out 
to be actually a maximum of V for a positive higher dimen- 
sional cosmological constant, cy > 0.) More generally, the 
extremum condition for V leaves at most a discrete number 
of solutions out of the continuous family of higher dimen- 
sional solutions. This is similar to the situation for regular 
spaces, where the regularity condition restricts the choice 
of the integration constants. In fact, higher dimensional 
solutions with regular spaces are automatically extrema of 
the effective four-dimensional potential V. 

The generic solutions of refs. [1, [H| correspond to ex- 
trema of the higher dimensional action only for fixed ten- 
sion branes. In this case variations of the overall size of 
internal space corresponding to L(x) are not allowed since 
they change the brane tension. There is then no need to 
impose the constraint ([2]) anymore. As mentioned before, 
for a fixed tension brane the cosmological constant A is 
fixed in terms of the brane tension. For D > 2 specific 
higher dimensional solutions can also be extrema for vari- 
able tension branes. These are the ones obeying the brane 
constraint ([2]), and A is now fixed by this constraint. In 
conclusion, both for fixed and variable tension branes there 
are no continuous families of static solutions with arbitrary 
integration constant A. For fixed tension branes A is fixed 
by the boundary conditions at the singularity, while for 
variable tension branes A is fixed by the brane constraint 
([2]) which is needed to guarantee an extremum of the ac- 
tion. 

Even for fixed tension branes additional constraints of 
the type ([2]) arise if the field content of the higher dimen- 
sional theory is extended beyond the graviton. For exam- 
ple, if we add in the higher dimensional model a scalar field, 
the most general solution of the field equations consistent 
with our symmetry exhibits two additional free integra- 
tion constants. Even for a fixed brane tension, the four- 
dimcnsional cosmological constant A will depend on these 
additional integration constants. It will appear again as an 
integration constant rather than being fixed by the brane 
tension. However, there are also new brane constraints of 
the type connected to the extremum condition of the 
higher dimensional action with respect to arbitrary varia- 
tions of the scalar field. Typically, these constraints select 
again only a discrete subset of solutions, such that A re- 
mains no longer a free integration constant. 

For variable tension branes, static solutions are difficult 
to be realized because the brane constraint may have no 
appropriate stable solutions. This observation has inter- 
esting consequences for cosmology. The characteristic so- 
lutions corresponding to extrema of the action turn out 
to be non-static runaway solutions. If the brane tension 
is allowed to change, it generally does so in the course of 
the cosmological solution. For the potential ([T]) one finds 
that L and A move to infinity or zero, thereby changing 
the strength of the singularity. A characteristic runaway 
solution with L oo leads to an asymptotically vanish- 
ing four-dimensional effective potential for t oo, similar 



to quintessence cosmologies [l^]- The fact that the po- 
tential goes to zero and not to a constant is no accident 
[T^ . This property is due to geometry and will not be 
affected by quantum fluctuations. Thus the question why 
the cosmological constant vanishes asymptotically even in 
the presence of quantum fluctuations finds a natural solu- 
tion, incidentally demonstrating that too naive arguments 
about the generic constribution of quantum fluctuations to 
the cosmological constant are not correct [l^. Neverthe- 
less, runaway solutions lead to another potential problem. 
It has to be explained why the couplings of the standard 
model of particle physics change only very little (at least 
in the present cosmological epoch) in an environment of 
evolving geometry and warping of internal space. Several 
suggestions have been made for possible stabilization mech- 
anisms for the couplings but this is not the subject of 
the present paper. 

This paper is organized as follows. In sect. |lT]we dis- 
play the field equations and the extremum conditions for 
d-dimensional gravity with a scalar field. The most gen- 
eral ansatz consistent with SO{D) symmetry and maximal 
Poincare, de Sitter or anti-de Sitter symmetry in Di di- 
mensions [d = Di + D) is displayed in sect. IIIH where 
we also discuss the field equations for this ansatz. (For a 
realistic world one would need Di = 4.) In sect. II VI we spe- 
cialize to pure gravity without a d-dimensional scalar field. 
We discuss the most general static solution consistent with 
an effective Di-dimensional gravity. 

The special case of a vanishing d-dimensional cosmolog- 
ical constant and flat Di-dimensional space is discussed in 
detail in the appendix. This covers the geometry of flat 
branes embedded in flat space for arbitrary dimensions of 
the branes, and arbitrary dimension of space, d. We 
also investigate there another class of solutions with finite 
volume and finite Di-dimensional gravitational constant. 
The discussion of sect. IIVI is extended to a d-dimensional 
scalar field in sect. |Vl 

In sect. IVII we perform for these higher dimensional 
solutions the dimensional reduction to an effective Di- 
dimensional theory. Even if we retain only the Di- 
dimensional metric, the effective Z?i-dimensional Einstein 
equation clashes with the general d-dimensional solution. 
A simultaneous solution to the d-dimensional field equa- 
tion and the effective field equation for the Z?i-dimensional 
metric requires the brane constraint ([2]). In sect. IVIII we 
discuss how this apparent clash can be understood by a dis- 
cussion of arbitrary variations of the d-dimensional fields. 
In the presence of singularities the d-dimensional field equa- 
tions are not sufficient in order to guarantee an extremum 
of the action. We turn to the cosmology of variable ten- 
sion branes in sect. I Villi Starting at some time with a 
higher dimensional solution, we see that the cosmological 
evolution for t > to corresponds to a static fiat or (anti-) 
de Sitter space only if the constraint ^ is met. Other- 
wise, the internal geometry does not remain static. The 
typical solutions are rather runaway solutions where the 
effective four-dimensional constant asymptotically relaxes 
to zero, as for quintessence cosmologies 12]. We discuss 
these runaway solutions in sect. IIXI Finally, we present 
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our conclusions and a discussion of the possible impact of 
our findings for the cosmological constant problem in sect. 



II. FIELD EQUATIONS AND EXTREMUM 
CONDITIONS 



extremum condition SS = then requires additional con- 
straints beyond the field equations - the brane constraints. 

A similar boundary term for the metric will be the 
origin of the constraint ([2]). For a variation gjip{x) — s- 
9fii>ix) + hp,o{x) the extremum condition for the action re- 
quires in addition to the gravitational field equation Q the 
vanishing of a "boundary term" 



We start with the d-dimensional action for the metric 
5/ii> and a scalar field S 



S = Alt' J t''' {^i? - \d'id~p^ - y{^) 



(3) 



Here M^~^V{S) is the higher dimensional scalar poten- 
tial. In the absence of a higher dimensional scalar field 
a constant V corresponds to the d-dimensional cosmolog- 
ical constant. We denote d-dimensional indices by fi,i>,p, 
whereas Di-dimensional indices will be /i, ly, p. 
The field equations for the metric read 



1 ^. 



1 



and the scalar field obeys 



(5) 



Here ~ D^Dp is the covariant Laplacian. By contract- 
ing eq. (H]) one obtains 



R = dPSdpS + -^^V. 



(6) 



For solutions of the field equations the action therefore be- 
comes 



S 



d-2 



(7) 



In the presence of singularities the extremum condition 
for S goes beyond the field equations. We may first discuss 
a general variation of the scalar field 6{x) — > S{x) + e{x), 
with e infinitesimal and x the c?-dimensional coordinates. 
The variation of the action ^ reads 



SS 



I g 



-Mt'J dp{g'/'ed^6}. 



(8) 



The first term in the second equation ([8|) vanishes by virtue 
of the field equation ([5]). The second term is a bound- 
ary term. It vanishes automatically for compact spaces or 
for variations e with a compact support. In the presence 
of singularities, there are possible variations e for which 
the boundary term does not vanish automatically. The 



d,{g'/^Kn = 0, 



with 



K'' = {g^^-~gP--g^^Pg'^-)df^hpa 
1 



(9) 



(10) 



.^g^^~gPr _ ~gt^Pg-r){df^g.. + dp~gf,a " dagf^pyg'^,. 



III. WARPED SOLUTIONS 



We discuss possible solutions with the ansatz 



I n{z)g\F,'\x) , 



V 







(11) 

Here the D2 coordinates describe a Z?2-dimcnsional Ein- 
stein space with Ricci tensor R\^f^\y) = K2g^^^\y), and 



similar for the Di coordinates a;'', with R 



(Di) 



For Di = 4 we may identify x^ with time and the usual 
three coordinates of the "large dimensions". The coordi- 
nates and z describe the I? = Z?2 + 1 dimensional inter- 
nal space. The internal geometry is given by (7(2;), p{z) and 

g\^p\y) and therefore time- independent. The Di dimen- 
sional space is either static as well, for Ai = 0, or it has the 
maximal space-time symmetry corresponding to de Sitter 
space (Ai > 0) or anti de Sitter space (Ai < 0). In a gen- 
eral sense we will refer to these solutions as static solutions. 
(For Ai ^ the time translation symmetry is replace by 
the analogous isometry of (anti) de Sitter space.) 

For definiteness, we may choose g^^^\y) as parameteriz- 
ing a _D2-dimensional unit sphere, such that A2 = -D2 — 1 for 
D2 > I, and g\^p\y) = 1 for D2 = f . Our ansatz has then 
the isometry SO{D2 + 1) and describes the most general 
static metric with S0{D2 + 1) symmetry. The length unit 
is set by the radius of the _D2-dimensional sphere. This 
fixes the units for and V in eq. ([3]). In particular, 
we can choose units such that Md — I. The functions 
a and p are dimensionless, while Ai,A2 and V have di- 
mension mass ^. We will generalize the discussion to ar- 
bitrary A2 for D2 > 1, while A2 = for I?2 = 1- Since 
we are free to choose units for the coordinates y we can 
take A2 = ±(I?2 — 1) or A2 = 0. Alternatively, we can 
also use for y dimensionless angular variables, such that p 
has dimension mass ~^ and A2 is dimensionless. This is 
particularly appropriate for D2 — 1, with periodic y and 
0<y <2tt. 
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The u — ^/-component of the field equation for the metric 
reads 

2R^, - Rg^, = { - (i^i - 2)AiCT-i - 

+ {Di - 1)— + - l){Di - 4) (- 

(7 4 \ a 



1 



1(D,-1)D2^- + D2^ 
2 pap 



(12) 



and similar for the a — /3-component 

2Rc,0 - Rgad = {-{D2- 2)A2p-i - DiA^fj-^ 

+ {D2 - 1)- + -AD2- 1){D2 - 4) 

p A \p 

2 p a a 



(13) 



;.9a/3 = -(2T/ + 5'^)5„0, 

and the z — z-component 

+ ]-DiD2^- + ]di{Di - 1) f - 
2 p a 4 \a 

+ ^D,iD,-l)(^^J = -i2V-S'^). (14) 

Correspondingly, the curvature scalar obeys 

cr" o" 

R = DiAia-i +Z32A2P"^ -Di D2 — 

a p 



2 pa 
,2 , 2iD, + D2 + l)~ 



D1+D2-I 

All other components vanish. 
Using 



V. 



(15) 



(16) 



and 



F = 2F- ^2 - DiAicr-i - i:i2A2p"\ (17) 



we can express W in terms of p, a and U by employing eq. 
(m for £)2 > 1, 



+e^DMDi +D2- l)C/2 - 4^2(1)2 - 1)f} 



(18) 



Here e = ±1 corresponds to the two solutions of the 
quadratic equation For D2 = I the expression for 

W simplifies and reads for [/ 7^ 



2 DiU 



(19) 



Suitable linear combinations of eqs. (fT2l) - (fT4l) yield 

4 



2 2 a D1+D2-I 



V, (20) 



and 



D2 Di 2A2 4 
W' = ^iy2 lu^r ^ — 2 

2 2 p i:ii+D2-l 

In addition, we have the scalar field equation 



0. 



V. (21) 



(22) 



The derivative of cq. (HH]), combined with eqs. ([^0]) and 
yields eq. PT|) . which is therefore not independent. 
This holds provided (1)2 - 1)W + D^U ^ 0. 

For a numerical solution one may use the two second 
order differential equations (|20p . for a and (5, supple- 
mented by p' — W p. For D2> 1 the function W{p, a, U) is 
given by eq. (fTS]) . while for £)2 = 1 eq. (fT9|) apphes. This 
system is equivalent to five nonlinear first order differen- 
tial equations. The five initial conditions will lead to the 
continuous family of solutions characterized by integration 
constants. For D2 > 1 the initial conditions for p, a, U have 
to be chosen such that the argument of the square root of 
eq. IjlSp is positive or zero. Alternatively, one may use 
eqs. (|20p - ((22|) . corresponding to a system of six first order 
differential equations. In this case the initial conditions are 
not independent, however. Eq. (|14p relates the allowed ini- 
tial values. In the case of pure higher dimensional gravity 
the scalar field equation is absent and the number of 
integration constants gets reduced by two. 

The characteristic properties of the solution can often 
be understood in terms of the warping factor a{z). For 
Di — 1 this is the analogue of the gravitational potential 
B{r) for the (generalized) Schwarzschild solution for black 
holes. With s = ln{a/ao), U = s' , eq. ^ takes for 
D2 > 1 the explicitc form 



„'2 



es'K 



^-0 (23) 
2{D2-iy ' 2iD2-l) ■ ds ^^^^ 



where 

dVs 
ds 
K 



D1 + D2-I 



V{5), 



(24) 



= ^DiD2{Di +D2- l)s'2 - AD2{D2 - l)F, 



and Ai — Ai/ctq. This has an analogue of a particle moving 
in a potential 



V; = 2Aie" 



D1+D2-I 



-Vs. 



(25) 
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with time replaced by z. However, the form of the "damp- 
ing terms" involving s' is rather complicated. 

Under a reflection z — > — z, s' — ,s' the sign of the 
square root is reversed, e —> —e. For a positive sign e = 1 
the effect of the terms involving s' is the following. For s' < 
they tend to increase s' as z increases. (The contribution 
to s" is positive.) This has a damping effect, since \s'\ gets 
reduced. For s' > the term ~ e often dominates. Then 
the effect is a relative decrease of s' for increasing z and 
therefore again a damping. If for decreasing z we switch 
the sign of e we again find a damping. This contrasts to 
the usual damping terms in mechanics which are linear 
in s' . In our case, the damping in both directions of z 
reflects the invariance of our system of equations under 
the reflection z —z. Finally, if we switch the sign e 
without changing the direction of z the damping typically 
turns into antidamping. Via F the strength of the damping 
/ antidamping depends on p, tr, V and 5'^ . 

For D2 = 1 the equation for s is simpler 



131 + 1 



2 ds 



0. 



(26) 



The evolution shows damping for increasing z and s' > 
0, or for decreasing z and s' < 0. The opposite cases, 
increasing z and s' < or decreasing z and s' > 0, are 
characterized by antidamping. The damping term can be 
absorbed by a variable change 



Di + l 



Ol + l 



with 



and 



Vt 



8 ds ^ dt 



= — - —Alt 



(27) 



(28) 



(29) 



This map to an undamped motion of a particle in a po- 
tential Vt makes a classification of the possible solutions 
particularly simple Q , [l3| • For Di = i the potential 



has a minimum if y > 0, Ai > 0, located at 

5/4 



(30) 



2Ai 



(31) 



corresponding to amin — 2Ai/V. Typical solutions are 
part of an oscillation around tmin, with a singularity tr — > 
if i — > 0. For such a solution p{z) can be computed from 
eq. (jl9p and singularities may occur if p 01 p 00. 



IV. HIGHER DIMENSIONAL EINSTEIN SPACES 

In this section we discuss the case of higher dimensional 
gravity with a cosmological constant. Thus V is constant 
and no scalar field is present. (In our system of equations 
one sets 6' — 0,dV/dS — 0.) Warped solutions of this 
type have been discussed in the original paper by Rubakov 
and Shaposhnikov Q for Di = 4, D2 = 1, A2 = 0, and 
for general Di, D2,Ai, A2 by 5]. We concentrate first 
on a positive cosmological constant, V > 0. We will find 
generic solutions with two singularities, and special choices 
of the integration constants with only one singularity or no 
singularity. 

For Ai > the potential Vs has a minimum at s = s^;. 



se = In 



corresponding to 



Di+D2~l Ai 
2 V 



2 V' 



(32) 



(33) 



As z increases, one may suspect that a{z) approaches ue 
and settles there. We will see that this is not necessarily 
the case. For example, p may diverge or approach zero 
before (Je is reached. Nevertheless, for s{z) = se eq. (^5]) 
is obeyed for arbitrary p. Indeed, U = solves eq. (|20)) for 
constant a = aE, and the constant warping factor implies a 
direct product geometry for Z3-dimensional internal space 
and Z3i-dimcnsional large space. 

a) codimension two singularities 

Let us first discuss the case D2 = 1, A2 = 0, Di — 4 
where eq. takes the simplified form 



4Ai p' a' 1 0-' 

2V i + 2— — + 3 

(7 pa 



= 0. 



(34) 



The solutions have been classified and discussed extensively 
in and we discuss here some aspects that can be 

generalized to more complicated situations. Consider a 
fixed point of the SO{2) isometry at z = which is regular, 
as the pole of a two-sphere. This requires 



lim p{z) = z , lim a{z) = ctq- 



(35) 



The divergence of = p' /p = 2/z requires that a' must 
vanish for z ^ 0, and we make the ansatz 



U = — = uz - 
a 



Then for z — > eq. ((341) yields the relation 

Ai \~ 

u = V . 

ao 2 



(36) 



(37) 



Without loss of generality we may take ao = 1. The "ini- 
tial conditions" or "integration constants" are all fixed by 
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the regularity condition (l35l) and Ai. Numerically, one 
may take some very small zq and use the initial conditions 

P(zo) = z^, cr{zo) = 1, U{zo) = uzq. 

Solving the differential equations for larger z results in 
a singularity for z — > z, where 



behaves for z ^ as 



a{z — z) ^ , p = p{z — z)^ 



4 6 

. = -5,7^-3. (38) 



This singular solution exists for Ai = 0, but also for pos- 
itive and negative Ai < SV^/IO. The "internal volume", 
more precisely the volume of the two dimensional hyper- 
surface for constant x^. 



2tt 



dzp 



(39) 



is finite, since one has p ' a ^ {z — z) close to the singu- 
larity. Similarly, the effective gravitational constant after 
dimensional reduction is proportional to 



cr^ dzp 



1/2, 



(40) 



and remains finite. The solution with boundary condi- 
tions (|55|) . is the Rubakov-Shaposhnikov solution ^4^]. 
The singularity has the geometry of a six-dimensional black 
hole, with time coordinate replaced by y [l^]. Perhaps the 
most striking feature of this singularity is the vanishing 
of the warp factor, (j{z ^ z) — > 0. We will call singu- 
larities with this property "zerowarps" . Even arbitrarily 
large distances on the four-dimensional space, as measured 
with gl^J , shrink to zero rf-dimensional distances as z is 
approached. In contrast to branes, where p shrinks to zero 
at the singularity ([38]) . the zerowarp singularity has a di- 
verging p. 

For Ai > there is a notable special case, namely for 
M = or Ai = V/2. This special case corresponds to the 
minimum of the potential Vs{s) in eq. (|23p . It implies a 
constant (t{z) = (Tq. (More precisely, a = const, follows 
from eq. (j23p if for some zq one has cr(zo) — (Je , o''(2o) = 
0.) The geometry is therefore a direct product of a four- 
dimensional de Sitter space and a two dimensional space. 
The z-dependence of p follows from eq. pT|) 



W' ^^W"^ + V = Q. 



(41) 



This equation is invariant under a rescaling of p — *■ App, 
such that solutions exist with an arbitrary overall nor- 
malization of p. (This feature is particular for vanishing 
A2 = 0.) 

The general solution 



W = 




2po . 2 
sm 

V 



(42) 



p{z ^ 0) = poz"^ 



(43) 



For po = 1 it describes a sphere, whereas for po 7^ 1 one 
has a conical singularity, with deficit angle 



A = 27r(l - Va^- 



(44) 



A similar singularity occurs for z = Ti^j^lV ^ and we note 

the reflection symmetry around the point z^ax = 7r/\/ 2V . 
This may suggest the existence of a direct product solu- 
tion with a "football shaped" internal space 9]. However, 
for [/ = the three equations (fT2)) - (fT4)) are no longer 
linearly dependent. Inserting the direct product ansatz 
into eq. p2|l yields the condition Ki = V (for ctq = 1). 
This is compatible with eq. (Ai — V/2) only for 

V = 0, Ai — 0. Then the volume of internal space and 
CR do not remain finite. Football shaped geometries for 
D2 = 1 can only be realized with additional ingredients, as 
for the six-dimensional Einstein-Maxwell theory [l3|. Ex- 
act time dependent cosmological solutions for such football 
shaped geometries have been discussed in [l5l |. 

The solutions discussed so far require special initial con- 
ditions or a special value of Ai. For generic initial condi- 
tions and Ai we find solutions with two singularities. For 
Ai < 3F/10 one is a zerowarp of the type of eq. (j38|) . the 
other is a conical singularity. For a general conical singu- 
larity at z = the behavior of p is given by eq. and 
for cr one has 



a{z ^0) = ao (1 + -z2 
U{z ^ 0) = uz. 



(45) 



From eq. ([34]) or (I20p one infers the relation (I37|) . Coni- 
cal singularities can exist for arbitrary Ai. We note that 
generically the solution does not approach the minimum of 
Vs close to the singularity. The generic solution close to a 
conical singularity has a nonvanishing s" = U' = u. The 
further evolution of s towards the minimum is stopped by 
the vanishing of p, driven by the term ^ in eq. (jl9p . 
For Ai > 3y/10 the generic solution still has two singular- 
ities, but both can now be of the conical type. 



b) singularities 
than two 



with codimension larger 



We next turn to the case D2 > 1 which corresponds to a 
codimension of the singularity larger than two. We also 
consider general Di. For A2 ^ modifications arise from 
the presence of the curvature of the Z32-dimensional sub- 
space, A2. We start with the direct product solution which 
exists for y > , Ai > 0, i.e. cr(z) = (t_b, as given by eq. 
(|33)). We need to solve the remaining differential equation 
for p 



P_ 
P 

F = 



W 



1[D2-l) D2A2 



D1+D2-I 



(46) 
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For A2 > the range of p is bounded, < p < Pn 



Pmax ^ 



1) 



V 



(47) 



with W diverging at the boundary p — > 0. One may be 
tempted to try the solution with a constant p{z) — Pmax- 
This solves eq. (gH), but for U = W = Q eq. (HI]) is no 
longer linearly dependent and not obeyed for V ^ Q. For 

P = Pmax one has W ^ W = -2A2/[(i?2 - l)Pmar.] ^ 0. 

The solution of eq. (|46p is symmetric under a reflec- 
tion around the location of the maximum Zmax, p{zmax) = 
Pmax ■ For p ^ the approximate equation (A2 > 0) 



1/2 



is solved by 



±Bp 



2 



B 



A2 



Do 



1 



(48) 



(49) 



or by a similar behavior replacing z ^ [z — z). For A2 = 
D2 — 1 this is the regular behavior at the pole of the D2 + 1- 
dimensional sphere. The direct product solutions are reg- 
ular and there is no analogue to the conical singularity for 
D2 = l. With the replacement V ^ W / {D2{Di+D2-l)) 
eq. (|4T|l is obeyed, but the integration constant is now fixed 
such that pq ~ liw eq. ([1^ . For the unique direct product 
solution we therefore have (A2 = D2 — 1) 

(50) 



P — Pmax sin (\/ PmaxZ)- 



This describes a sphere with radius ^ Pmax- 

For D2 > \ the direct product solution is regular. We 
may check that these regular solutions obey the brane con- 
straint ([2]) . For the direct product solutions the coefficients 

cy, CA are given by cy = geV, ca = cfe P^"V L 
- SL more general definition of these quantities will be given 
later. With D ^ D2 + I, Di = 4, A2 = D2 - 1, Ai = A 
the first equation in ([2]) corresponds to eq. ([33]) . The gen- 
eralization of the second equation in ^ 



CA 



2cv 



D20-E 



iD2 ~ l)iDi + D2 - I) {D2-l)pn 



(51) 



is indeed obeyed for the solution ((50)) . 

Beyond the special direct product solutions we may con- 
sider eq. ()23p with arbitrary initial values for s and s' — U . 
For a nontrivial warping we find generic solutions with sin- 
gularities. The characteristic behavior close to a singularity 
where p — *■ (or p ^ 00) is given by 



Poz' 



OqZ 



W 



7 



U 



(52) 



For z ^ 0, or similarly (z — z) ^ if z in eq. ([52]) is 
replaced by z — z, and 7 < 2 , 77 > —2, the influence of 
Ai,A2 and V is subleading close to the singularity. The 
singular exponents 7 and 77 are given by [l3| 



-2±2^D2{Di+D2-l)/Dl 
Di + D2 



7± = 7^(2 + I)i?7±). 



(53) 



The powerlike solutions ([52)) . ([53)) are exact solutions of 
the field equations for V = Ai — A2 = 0. They have a 
brane or zerowarp singularity at z = 0, dependending on 
the sign of rj±. The extension of this solution to z — s- 00 
will be modified by nonzero V , Ai or A2. 

c) solutions with two singularities 

For 7 < 2 a singularity encountered for decreasing z (as 
in eq. ([52]) ) requires e = -f 1 in eq. (|18|). while a singu- 
larity for increasing z needs e = — 1. (This corresponds to 
antidamping at the singularity for the evolution of s in eq. 
.) Indeed, using eq. ([55]) we find for decreasing z 



2 - 7 = e\TlWDi{Di +D2- l)/D2 



(54) 



and the opposite sign of e for increasing z. Solutions with 
two singularities at z = and z = z therefore need a 
switch of e. If we define C, — sign (77) we find that the 
singular exponents (77+, 7+) correspond to eC = — 1 for z 
increasing and to eC = 1 for z decreasing. (Since 77+ > 
one has C, = 1.) The exponents (77_,7„) correspond to 
the opposite sign of e^- (Now 7;_ < corresponds to C 
— 1.) The exponents (ry+,7+) correspond to a brane where 
p — > 0, (T — > 00, while (7;-, 7-) describe a zerowarp with 

(T ^ 0, p ^ CO. 

For V > and Ai > wc find that the generic solutions 
interpolate between two singularities with opposite signs in 
eq. ((53l) . They describe spaces with one brane at z = and 
one zerowarp at z = z. This behavior is also found for Ai — 
or Ai < 0. The brane singularity with exponents (77+, 7+) 
can be replaced by a regular behavior p ^ z^ , ct ^ cr^, 
if the integration constants are chosen appropriately. This 
special case corresponds to the geometries discussed in (Hf . 
For all solutions of this type or with two singularities we 
find a finite volume of internal space and a finite value of 
the four-dimensional gravitational constant, given by 



Jo 



(55) 



Geometries with two singularities are interesting because 
they lead to an effective Di dimensional gravity with finite 

CR- 

We may ask what are the conditions for solutions with 
two singularities at z = and z = z. (We include here 
the case where one singularity gets replaced by a regular 
behavior with p —f 0.) Solutions with two singularities 
need a switch of the sign e between e = 1 for z ^ and 
e = — 1 for z — > z > 0. Continuity requires that such a 
switch can only occur if the square root in eq. (jlSp vanishes 
at a point Zc where 



U 



4{D2 - 1)F, 
Di(Di + Z?2-l)' 



(56) 



Obviously, this is possible only if F is positive. If the con- 
dition ([5^ is met, not only W but also all its derivatives 
remain continuous for solutions where e switches sign. We 
can write eq. JH 



(57) 



{D2 - 1)T4^ + DiU = eVK/D2, 
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such that the possible switch of e for eq. l|56|) occurs at 
K = 0. A switch therefore always happens at an extremum 
of the combination p^'^^^a^^, and for solutions with two 
singularities this extremum has to be a maximum. Indeed, 
a switch from e — I for z < Zc to e = —1 for z > Zc occurs 
if (£12 - 1)W' + DiU' < for z = Zc. With V > and 



the switch point is the direct product solution with 



(D2 - l)W' + DiU' = 

2D2VK 

2(Z?2-1)A2 , 2DiAi 



Pc 



W (58) 
W 2DiAi 



2D2 



this quantity is negative. Indeed, the positivity of Fc re- 
quires for A2 > 



<7r > 



DiAi 
2V 



> 



2V ~ DiAi/ac 



(59) 



such that {D2 - l)W' + DiU' < -2A2I Pc- 

For y > we have found that the solution with two 
singularities is indeed a generic behavior (for not too large 
Ai). For F < 0, in contrast, the negative d-dimensional 
cosmological constant gives a negative contribution to F in 
eq. p7|) . For positive Ai and A2 a switch of e is no longer 
possible. In this case the generic solutions are expected 
to have only one singularity, while the volume of internal 
space and diverge for z ^ 00. Such solutions do not 
lead to an effective Z?i-dimensional gravity. 

An interesting case is = 0, Ai = 0. Then we find 
for A2 > no switch in e. The solutions correspond to 
a flat brane embedded in d-dimensional flat space. They 
are discussed in the appendix. In contrast, for A2 < 
one has positive F . Now we find again solutions with two 
singularities and a finite c^.- These solutions are also inves- 
tigated in appendix A. Such solutions are interesting candi- 
dates for an effective I?i-dimensional gravity that has flat 
space as the static solution. The brane constraint ([2]), i.e. 
Ai ~ y, will single out a vanishing £>i-dimensional cos- 
mological constant Ai = if = 0. On the other hand, 
we will see that the second brane condition ^ can only 
be obtained for A2 = if F = 0. We discuss the exact 
solutions for ^ = 0, Ai = 0, A2 = in the appendix. They 
are given for the whole range < z < 00 by eq. (j52p . with 
singular exponents 

For a numerical investigation of solutions with two sin- 
gularities one may take initial values at the switch point. 



with two free initial values Uy, 



Pi'. 



Pc- The initial 



value Uin — Uc is computed from eq. ([55)1 . The value Pc 
has to obey eq. ((5^ . For a fixed A2 — D2 — I and positive 
Ai > we observe that small values V ^ imply large 
values of pc- In the limit V — > , Ai/dc the char- 
acteristic size of the £)2-dimensional subspace will diverge 
and the solution approaches the infinite volume solutions 
discussed in the appendix. A particular limiting case for 



Pc 



= (Z?i+D2-l)Ai/(2F), 
D2{Di+D2-l)K2 _ 



> 



2{D2 - 1)V 



(60) 



Since p < pmax is required by eq. (|46p. the switch point 
corresponds to pc = Pmax- 

The most general solution of the field equations has sev- 
eral integration constants. For a given Ai we have four 
initial values a{zo), a'{zo), p{zq), p'{zq). Only three are 
independent due to eq. p8|) or p9)) . One integration con- 
stant concerns only the overall normalization of a. This has 
no physical relevance. For the spaces with finite volume we 
may fix the integration constant ct^zq) by requiring 



dza 



= 1. 



(61) 



One further integration constant can be used to fix the 
location of one singularity (or of the regular point where 
p = 0) at z = 0. We therefore remain with one "physical" 
integration constant besides Ai . Typically, this determines 
the location of the (second) singularity at z. 



V. MODELS WITH SCALAR FIELD 

In this section we extend the discussion of singular so- 
lutions to higher dimensional gravity with a scalar field. 
For example, such a scalar field arises from a higher di- 
mensional dilatation invariant theory In this case a 
nonvanishing scalar potential V{6) will be produced only 
as a result of a dilatation anomaly. One purpose of this dis- 
cussion is a demonstration that "brane constraints" of the 
type ^ arise generically for all higher dimensional fields. 
In general, the singular behavior is not directly linked to 
a conserved quantity. Avoiding the brane constraint by 
a fixed brane tension is an option for gravity, where the 
singular behavior of the metric can be associated to a con- 
served energy momentum tensor. It seems much harder to 
defend a similar option for a scalar field since no associated 
conserved charge is available. 

As a second purpose, we investigate possible modifica- 
tions of the singular behavior (|52p. (|53|) . Indeed, in pres- 
ence of a scalar field there arc new possibilities for an 
asymptotic behavior of the solutions for z — > c» or for 
z or z —^ z. As an example, we concentrate on an 
exponential potential 



V{S) = exp(— a(5). 
It admits scaling solutions of the type 

T> - -2 r c 2 1 Wo 

V = VgZ , = Oq -\ in z , Oo = — in — , 

a a Vs 

a 

a = CToz"'' , p = Pqz'^. 



(62) 



(63) 
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(Here z may be replaced by z— z.) The scalar field equation 
is obeyed for 



1 



(2 + D177-D27) 



2k 



For uo > such solutions can only exist for 
K = 1 + - — > 0. 



(64) 



(65) 



whereas negative Vq implies negative n. The corresponding 
behavior of the volume element 



(66) 



leads to a finite volume for k < 2 for z ^ (or z ^ z) 01 for 
At > 2 for z ^ 00. For a finite gravitational constant after 
dimensional reduction the conditions are k < 2 + 7y (z — > 0) 
or K > 2 + ry (z — > 00). 

We want to relate the exponents 77, 7 and n to the behav- 
ior of the potential characterized by a. For this purpose 
we first investigate the relations between 77,7 and Vg- For 
a and p decreasing sufficiently slowly or fast, the terms 
~ Ai^2 can be neglected in eqs. (f20l) . ([2T|) .which yield the 
relations 



7? 



D 



12 



Do 



D 



2^,2 



-7 + ^7 



-VI- 



D1 + D2-I 
4 

D1+D2-I 



vs - 0, (67) 
vs = 0, (68) 



and therefore 



V + 1+ li^iV^ - ^27') + liDi - D2)7]l = 0. (69) 



(70) 



Eq. ^7\i generahzes eq. ([5 
and implies 

i?27 

K = 1 H 77 

2 ' 2 



D1 + D2-I 



D1 + D2-I V 



(71) 



Since k and Ws have the same sign, cf. (IM)) . this type of 
scaling behavior is possible only for rj < 0. The singulari- 
ties are zerowarps as far as the behavior of a is concerned. 

Combining eqs. ([7T|) . yields the relation between 77 
and a 



V 



{D1+D2 - l)a^' 



(72) 



The relation between 7 and 77 can then be inferred from eq. 
(j69p . This quadratic equation has two solutions 



1 , 

71 = 7r(2 + -017/) , 72 = -V- 



(73) 



The first solution 71 corresponds to Vg = 0. In this case V 
decays faster then ~ and plays no role asymptotically. 



such that eq. ((53l) is recovered. The new type of scaling 
solution, for which the potential matters, obeys 



1= -V 



{Di +D2- l)c 



(74) 



and therefore 



K — 1 7 = 1 



4(Di + D2) 



K — rj = 1 



2 ' ^ (Z?i + 2?2 - l)a2 ' 
AiDi+D2-2) 



(Di +D2- l)a2 ■ 



(75) 



For all a one finds k<1, k — ry<l. A singularity a z ^ 
with 



crz ' 



pz^ , 7 > 0, 



(76) 



leads to a finite volume and a finite gravitational constant 
of the effective Di-dimensional theory. Since p vanishes 
for z ^ this is a brane singularity combined with a ze- 
rowarp. We infer that the singular exponents near a brane 
singularity can be modified by the presence of a scalar field. 

The scaling behavior ([74| , ((76|) implies [/, — > 00 as the 
singularity is approached. It corresponds to the plus sign 
for the square root in eq. (|75|) . and to the plus sign in eq. 
(flS)) {e = +1). A similar singularity can be reached for z 
z. (Now e = — 1 in eq. (HI]).) A numerical solution of the 
system of differential equations finds indeed solutions with 
two such singularities if > 4/(151 + D2 — 1)- For generic 
values of the integration constants these seem to be the 
characteristic solutions for Ai = 0, but also for positive and 
negative Ai . Such geometries with two cups seem perfectly 
acceptable. We note that for both singularities S diverges 
logarithmically to negative values, such that V{5) diverges. 

One may also check the consistency of the singular be- 
havior (1731) with eq. HID 

If Ai and A2 can be neglected, one finds the asymptotic 
behavior 



F=[2d,-^] z-2 = A(I?i77 - D2'r)z- 



For D2 > I eq. relates 7 to 77 

1 



iD2-lh = Dir]± 
^jDi{Di+D2 



/D2 



(77) 



(78) 



.2 - 1)772 - 8(i?2 - l)iDiV ~ D2i)/a-^. 

The argument of the square root must be positive, requir- 
ing 

8(I?2- l)(i?i??-i?27) 



Di{Di+D2-lW 



The condition for the neglection of the terms 
near the singularity requires 7 < 2 or a > etc. 



^/Dl + D2-I 



(79) 

A2/7-1 

(80) 



For a < Uc the behavior at the singularities is different. 
For example, a numerical integration of the field equations 
shows solutions where 77 vanishes at two zerowarp singular- 
ities at z = 0, z = z, while p diverges. 
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VI. DIMENSIONAL REDUCTION 

a) higher dimensional gravity 

If internal space is in some sense small as compared to a 
typical wavelength of an experiment, say at the LHC, we do 
not expect that we can resolve it. In this case one expects 
a valid description in terms of an effective four-dimensional 
theory, obtained by taking a suitable average over the hid- 
den internal dimensions. In fact, a higher dimensional the- 
ory can always be formulated as a four-dimensional the- 
ory with infinitely many degrees of freedom. The effective 
four-dimensional theory obtains if one only keeps a finite 
number of these modes. Usually, the neglection of the in- 
finitely many other modes is related to the heavy mass of 
these "Kaluza-Klein particles" - often many orders of mag- 
nitude larger than the inverse of the experimental wave 
length. For a given model and solution, this neglection 
has, of course, to be justified. 

Dimensional reduction to a Z?i -dimensional theory ob- 
tains by expanding the higher dimensional field in some 
complete set of functions depending on the internal co- 
ordinates z and if. The coefficients depend on the D\- 
dimensional coordinates and correspond to the D\- 
dimcnsional fields. There is one field for each basis func- 
tion in the complete system of functions. The effec- 
tive I?i-dimensional action obtains by integrating the d- 
dimensional action over the internal coordinates z and 
At this stage it is a functional of infinitely many 
Z?! -dimensional fields. It is completely equivalent to the 
higher dimensional action - we have just chosen a suitable 
representation of the c?-dimensional functions. In particu- 
lar, there is a one to one correspondence between an ex- 
tremum of the d-dimensional action and an extremum of 
the Z?i-dimensional action with respect to variations of all 
the infinitely many fields. Of course, if there are constraints 
limiting the allowed variations of the d-dimensional fields - 
as for fixed tension branes - these constraints have also to 
be implemented on the level of the Z3i-dimcnsional fields. 

Let us consider variable tension branes with uncon- 
strained d-dimensional metric and scalar field. The ex- 
tremum condition for the action implies an extremum with 
respect to the variation of any single Z?i-dimensional field. 
We will truncate the Z?i-dimensional action by keeping 
only a finite number of fields that correspond to fluctua- 
tions around some given solution to the d-dimensional field 
equation. If this d-dimensional solution corresponds to an 
extremum of the d-dimensional action, the truncated effec- 
tive Di-dimensional action must also have an extremum 
for those values of the Z3i-dimensional fields that corre- 
spond to a vanishing fluctuation around the solution. We 
will find that this is not the case for arbitrary integration 
constants of the solutions discussed in sects. |IV] and |Vl 
There is a clash between the d-dimensional solutions and 
the I?i-dimensional solutions. 

We begin by considering only fiuctuations of the Di- 
dimensional metric. The dimensionally reduced Di- 
dimensional action for the metric g\^^\x) obtains by in- 
serting a solution for a{z), p{z),5{z) and integrating over 



the internal D2 + 1 coordinates y, z. It has the form 



with effective reduced £)i-dimensional Planck mass M, 



M 



Di-2 



CrVLd^M'^ ^ , Cr 



Do n,-2 



(82) 



p ^ a ^ , 

and is the volume of the _D2-dimensional subspace 
with metic g'^^p^- The effective potential or Di -dimensional 
cosmological constant reads 



(83) 

Here Rmt is the "internal space contribution" to the higher 
dimensional curvature scalar 



Rint — Rsoi — DiKia ^, 



(84) 



with Rsoi the curvature scalar for the solution around 
which we expand. (While we keep p, a and 5 fixed, we 
consider the ansatz (|lll) with arbitrary g\^^\x), such that 
R = ^,„t-f i?(-Di)o-i.) The values for M and V'^^^^ wiU de- 
pend on the particular solution of the higher dimensional 
field equations (p, cr, 5) for which we perform the dimen- 
sional reduction. 

The internal curvature contribution to T^(^i) involves the 
D2 + 1 dimensional curvature scalar 



\ P P 4 " 
and a contribution from the warping 




(85) 



For all solutions to the higher dimensional field equations 
it obeys 



Ai 



V - Di 
D1+D2-I a 



(87) 



such that 



2V 



D1+D2-I 



DiAiM^i 



Di-2 



Di + D2-lc^ 



with 



Do D, ~ 



Cv = p ^ (T 2 V. 



(89) 



12 



If we insert in eq. (|8T|) the metric g\Il^^ corresponding to 
the solutions of the higher dimensional field equations, i.e. 

= DiKi, we find with eqs. ^ the result Q, 

as it should be. 

From eq. (|8ip we can compute the field equations for 
the metric g^^^' in the dimensionally reduced theory 

M^-^«^' - \R"'''9i'l^') - -V^^'^^C^', (90) 
which yields for the curvature scalar 

2Di F^-^i) 



(91) 



In general, this does not have the solution R'^^^^ = -DiAi, 
as required by the d-dimcnsional solution. We observe a 
clash between the extremum of the Di-dimensional action, 
given by eq. ([OT]) , and the solution of the d-dimensional field 
equations. Only for special values of the integration con- 
stants of the higher dimensional solution the two will coin- 
cide. 

Consistency of the higher dimensional solution {R'^^^^ = 
DiAi) with the effective Z?i -dimensional theory requires 



2 

Using eqs. ^ one finds 

and therefore the constraint 



-Ai. 



2cy 



{Di +D2- 1)CR 



Ai 



2cy 



(92) 



(93) 



(94) 



{Di + D2-l)cR 

We recognize the brane constraint ^ , with Ai = A, Di = 
4, cv = cy jcR. If this constraint is not obeyed, the higher 
dimensional action is not an extremum with respect to lo- 
cal variations of the Z?i-dimensional metric f/jii?^''. This 
variation is performed with all other metric components 
and the scalar field, i.e. the functions p, cr, (5, kept fixed at 
the values corresponding to a solution of the higher dimen- 
sional field equations. One concludes that the solution to 
the higher dimensional field equation is a necessary, but not 
a sufficient condition for an extremum of S. An extremum 
with respect to arbitrary variations requires in addition the 
brane constraint (|94p . 

Similar considerations can be made for other variations. 
For example, we may vary the volume of internal space 
by multiplying g^p and gzz by a common factor l? . We 
want to compute the dependence of the action on L, while 
keeping p{z),a{z),8{z) as well as g^^^^ and 5^^^^ at fixed 
values. The volume factor yields a factor while 
the different contributions to 5* scale differently: d^SOpS ~ 
L-^ , Rrnt - L-^ , R^'^''>a-^ ~ L° , F ~ LO. As a result, 
the dependence of S* on L is not trivial 

i^iAi 



SiL) 



Cv _^ Dl + D-z + I Cy 
Cr Di + D2 - I Cr 



^(1-i-) 



L- 



(95) 



The solution of the d-dimensional field equations corre- 
sponds to i = 1. Again, the extremum of S{L) does 
generically not occur for Lq — 1^ and a constraint on the 
integration constants of the solution is needed in order to 
avoid a clash between the extremum of S{L) and the d- 
dimensional solution. 

An extremum with respect to L requires for Lq — 1 



{D2 + 1) 



2 cr) 
DiAi _ D1+D2 + I CV 
2 D1 + D2-I CR 



Ai = 



2cy 



{D1+D2 - 1)CR 



(96) 



(97) 



This is the same condition as ((94|). Thus, if the brane 
constraint (|94p is violated, the action is not an extremum 
with respect to variations of the volume of internal space 
either. We could also consider a class of metrics where the 
overall scale of a is varied, (j{z) Aa-a{z). With 



S{A,) = /(g(^^))V2M 
2cy 



1) 



{Di+D2-l)cR 



(98) 



the condition dS{Aa)/dA„^A„^i = yields again the brane 
constraint ([M]) . 

Similarly, we may vary the overall scale of p, i.e. p{z) — > 
App{z), while keeping all other functions fixed. From 



S[Ap] = 



-pi 
D2A2 



2cv 



with 



CR {Dl +D2- 1)CR 



-D2-2 Dl 

) 2 cr 2 



(99) 



(100) 



we obtain the condition for an extremum at Ao — 1, 



A2C 



2Cp 



DI + D2-1 



Cv- 



(101) 



This corresponds to the second brane condition in eq. ([2|). 
with ca = Cp/cR. The combination with eq. (|94p . which 
corresponds to a volume conserving opposite multiplicative 
scaling of a and p, yields 



A2Cp = AiCR. 



(102) 



Eq. (|10ip has an important consequence for D2 = 1 where 
A2 — 0. Now S[Ap\ is a monotonic function of Ap for all 
V ^ Q. As a consequence, the extremum condition (jlOip 
can be obeyed only for F = 0. We will understand better in 
sects. IVIIIi HXl whv this excludes all singular finite volume 
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solutions if metric variations corresponding to a constant 
multiplicative rescaling of p are allowed. 

We conclude that for geometries with singularities there 
are additional conditions for the extrema of the action, as 
eq. ((94)) . (|101[) . that go beyond the solution of the field 
equations. They are associated to "global variations" of the 
fields, while the field equations are the extremum condition 
only for local field variations. In particular, for the class 
of models considered here the consistent extrema with flat 
Di -dimensional space, Ai = 0, require V = Q and, by eq. 
(|102p . also A2 = 0. These solutions are given by flat space 
or the exact singular solutions ([5^ . (|53p . 

b) higher dimensional scalar fields 

We may also investigate global variations of the scalar 
field 5. One possibility is an overall constant shift 5^5 + 
A. This affects only the potential term. The condition that 
a given solution of the higher dimensional field equations is 
also an extremum with respect to the global shifts is simply 



f £2 Ex dV 



(103) 



For the exponential potential it can only be obeyed 
for (5 ^ CX3 where V{6) — > 0. 

Another possibility are multiplicative rescalings S —^ 
AgS, with 

S{As) = f (^(1^0)1/2 /(I _ Ajf^ (104) 

Jx { CR 



Dl + D2 + I Cy _ J_ 
Di+D2~lCR Cr 



Do n, ^ 



p-a-V{AsS)}, 



where 



CK = \ j^P^^^S'^- (105) 
The extremum condition dS/dAs\A6=i reads 



Do D-, 

P^a^^5 = -2cK. (106) 



Using the scalar field equation ([5]) and the definition of the 
covariant Laplacian we can write the condition (|106p 
as 



(107) 



It is obviously obeyed for compact spaces, whereas in pres- 
ence of singularities it contains possible boundary terms. 

We can construct the effective Z3i-dimensional action for 
a scalar field associated to local multiplicative variations of 
5 by using the ansatz 



(108) 



The solution to the higher dimensional field equations cor- 
responds to a homogeneous and static field (ps{x) = 1. On 



the other hand, one finds for the Di-dimensional action 
(with fixed metric g^?^"* corresponding to the higher di- 
mensional solution) 

S[^5\ = - f{g^'''^V^^{Vs{^s) + Icsd'^^sd^'fs} (109) 



with 



Vsivs) = I^<t'^p'^{v{S^s) + I^IS''}, 

f Do „ 

cs = I a^p—5^. (110) 



The Di-dimensional field equations read 



-cr 2 p 2 



i^s - 1) + 



(111) 



Here the dots denote higher orders in an expansion in (ps — 
1. For a static solution at (ps ~ I the first term in eq. (|111|) 
has to vanish, cf. eq. (|107p . The second term ~ {ips — 1) 
determines the mass of the scalar field ips- 



VII. FIELD VARIATIONS 

a) brane constraints and field variations 

One may ask if the variations of the metric and the 
scalar field considered in the preceding section are legit- 
imate. Consider a higher dimensional solution (p, a, S) for 
which Cr and cy are finite. It is then easy to see that there 
exist variations of the d-dimensional metric g/io for which 
the action remains finite, while the solution of the field 
equations is not an extremum with respect to such varia- 
tions. One example are variations of the metric g^^^ which 
are local in the Di-dimensional space. They result in a fi- 
nite change of the dimensionally reduced action ([5T|l and 
therefore also in a finite change of the higher dimensional 
action. As another example, we may replace the global 
change of the "size of internal space" , L, by a change L{x) 
which is local in the Di coordinates x'^. This results in 
replacing eq. ((95)) by 



S ^ - /(5(^^))i/2{T/(^i)(i) 

+CLM°'-^L"^+^d''lnL S^lnL}. (112) 

We can construct local variations of L{x) for which the 
"kinetic term" d^^ InLdf^ \nL is negligible, while the action 
remains finite. The extremum condition for such variations 
is then the condition that the potential ^/^^^^(i) should 
have an extremum for the value L = Lq = 1, around which 
the variation is taken. This condition, dV^-^'-'^ /dL\Lg=i — 
0, is precisely the brane constraint (|M)) . If we look for 
an extremum with respect to all allowed variations of the 
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higher dimensional metric, which change the action by a 
finite amount, we have to impose the brane constraint, in 
addition to the local field equations. 

One should interprete the higher dimensional action as 
the quantum effective action after including all quantum 
fluctuations. (Formally, it is the generating functional of 
the "full" one particle irreducible vertices.) Physical states 
correspond to an extremum of the quantum effective ac- 
tion with respect to all allowed variations of gj^o and 5 for 
which it is well defined. This is the case for all variations 
which change the action only by a finite amount. It is 
therefore difficult to argue why the condition ([M|) should 
be dismissed unless the model contains some additional in- 
gredients which restrict the allowed values of the metric 
and scalar field, as for fixed tension branes. 

For the higher dimensional Einstein spaces discussed in 
sect. IIVI one finds finite cr and cy. The brane constraint 
selects among the solutions of the higher dimensional 
field equations the ones with Ai given by cy and cji. We 
recall that cr is always positive and cy vanishes only for 
V = Q. For a nonvanishing higher dimensional cosmological 
constant V ^ one therefore selects solutions with Ai ^ 0. 
Furthermore, also Cp (|100p is finite for the solutions with 
finite volume discussed in sect. IIVI If we also impose eq. 
(llOip (with a fixed value of A2, say A2 = D2 — 1) this yields 
an additional relation between cy and Cp and therefore, for 
given V , a further brane constraint on the functions <7{z) 
and p{z). 

This implies that a continuous family of solutions with 
arbitrary Ai remains no longer possible. Indeed, for a given 
value of Ai two integration constants of the most general 
solution are fixed by the brane constraints (jM]) and (|10ip . 
As mentioned before, the overall scale of a is arbitrary 
and we may fix it by the condition cy = V . One further 
integration constant can be used to have the location of one 
singularity at z = 0. We then have only one independent 
integration constant left, but two constraints. As a result, 
for an arbitrary value of Ai the system is overdetermined. 
We expect that solutions exist at most for discrete values 
of Ai, for which the Ai-dependent integral Cfl(Ai) matches 
eq. ([M)) . Indeed, the relation (|10ip fixes all integration 
constants for given Ai, such that cr{Ki) is a given function. 
The discrete values for Ai must then obey (Di -t- D2 — 
l)cij(Ai)Ai — 2V. It is not clear, a priori, if such solutions 
with finite volume exist - this depends on the range that 
Cp(Ai) can take for a given V. If not, only the infinite 
volume spaces, as the Di + D2 + 1-dimensional de Sitter 
space, are extrema with respect to arbitrary variations of 
the metric. 

The condition for a finite volume solution with two sin- 
gularities can be written as 



2V 



(113) 



A: 



For D2 > 1 and A2 7^ the overall scale of p is • - 
according to eq. (|102p . If the dimensionless function 
cji{Ai) does not vary too strongly (for given V), such that 



c/j(Ai)Ai remains a monotonic function of Ai which van- 
ishes for Ai ^ and diverges for Ai ^ cxd, one will find 
exactly one solution of eq. (|94p . We recall that eq. (jlOip 
has no solution for £'2 = 1 (A2 = 0) if 7^ 0. Our discus- 
sion of spaces with singularities includes as special cases 
the regular behavior at 2; = and z = z. We have found 
in sect. (|IVp special values for the integration constants 
where the geometry is a direct product of I?i-dimensional 
space and a compact (regular) internal space. This solution 
obeys the brane constraint. It is tempting to speculate that 
these regular solutions are the only extrema of the higher 
dimensional action with finite cy and cr. 

The situation is more complicated for the solutions with 
a scalar field discussed in sect. |Vl For ^ > and for 
solutions showing at the singularities the scaling behavior 
(|63p . the integral cy is not a finite quantity anymore. Near 
a singularity V diverges ~ z^^, or 



Cy 



(114) 



and K > if Wo > 0. As a consequence, the effective 
Z?! -dimensional theory does not exist - the potential V 
in eq. (j88p is not well defined. The arguments leading 
to the constraint are not directly applicable in this 
case. This remark also holds for the constraint (|10ip . With 
Cp ~ - ^(Di+D2-2)7/2 f^^^j^g^ ^^u Still per- 

form the variations which require the constraint (jl02p as 
an extremum condition. On the other hand, for V < one 
has K < and cy is well defined. The brane constraints 
([M)) . (jlOip are now well defined and have to be obeyed for 
variable tension branes. Furthermore, for an exponential 
potential the constraint p03p reads acy = and is well 
defined. Its only solution is cy = or (5o — > 00, -Ds ^ 0. We 
note that for k < 1 the condition l|107p is obeyed for all 
singular solutions of the type We conclude that the 

issue of the scalar brane constraints (|103p and (|107p de- 
pends on the detailed shape of the potential and solution. 
We will not discuss further here the issue how to deal with 
the case where cy is not finite. 

We may discuss the variations that are not accounted 
for by the field equations in a more general context. This 
is most easily done for the scalar fields. With respect to 
some general variation (5 — > (5 -f e the variation of the d- 
dimensional action is given by eq. ([5]). Since the field 
equations are obeyed, the additional constraints arising for 
non-local variations e read 



(115) 



For example, taking constant e leads to the constraint (|103p 

Jz do 

Similarly, for e = AS, with constant A, the extremum con- 
dition for the action yields the constraint (|107p . 

The situation with respect to variations of the metric 
gfic is analogous. Again, the field equations (g]) guarantee 
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an extremum of the action only in the absence of bound- 
ary contributions. In the presence of singularities one may 
require that the action is an extremum also with respect 
to metric variations which do not lead to vanishing bound- 
ary terms. This leads to the brane constraints ([94]) . (|10ip . 
()102|) . For example, a variation of the Di-dimensional met- 
ric g\S,^\x), even if local in the Di coordinates ^ amounts 
still to a universal variation for all coordinates of the D- 
dimensional internal space. This variation does not vanish 
at the location of the singularities and gives a nonvanish- 
ing contribution to the boundary term. We conclude that 
the additional constraints beyond the field equations are 
connected to the extremum condition for the metric with 
respect to variations that are not local in the higher dimen- 
sional space time and do not vanish at the singularities. 

We may explicitely compute K" in eq. (O for ap- 
propriate metric variations. For example, taking h^p — 

{Ap — l)p(z)g^^^\y) (and vanishing other components), 
one finds the non-vanishing component 



and therefore the extremum condition 



P = 



iDia'p' /p' 
\2 a p 2 \p 

Using the field equation (I2ip this yields 
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(119) 



which is precisely the brane constraint (jlOip . 

There is a simple necessary condition for the action to 
be an extremum with respect to arbitrary variations of the 
metric and scalar field. We may first compute the most 
general solution to the local field equations. It will contain 
a number of integration constants that we denote by 7i. 
We next insert the solution into the action and compute 
S{'ji). A necessary extremum condition is dS/d^i = 0, or, 
with eq. 0, 



d_ 



P^ tr-y 



K = 0. 



(120) 



(We denote by p^{z) etc. the solution corresponding to a 
particular set of integration constants 7.) In particular, 
in absence of a scalar field and for constant V ^ 0, the 
condition (|120p implies that j p 2 a ^ be at an extremum 
with respect to variations of the integration constants. We 
recall that eq. (|120p is necessary, but not sufficient for an 
extremum of the action. 

b) non-local field variations 

Our findings so far clearly indicate that for generic so- 
lutions of the field equations the action is not an ex- 
tremum. While it is an extremum with respect to lo- 
cal field variations, it is not for nonlocal field variations. 



It is a crucial question if the action has to be an ex- 
tremum with respect to such non-local field variations. Let 
us address this question from a different point of view - 
the "brane point of view" . For this purpose we consider 
codimension two singularities in a six dimensional space 
(d = 6, Di — 4, D2 = 1). For the brane singularities, 
where p{z) vanishes for z = or z = z, we may take the 
point of view that a singular object - a brane - "sits" at 
the singularity. This corresponds to an additional singu- 
lar contribution to the energy momentum tensor ~ 5{z) or 
~ S{z — z), given by the brane tension. The brane tension 
is in one to one correspondence with the deficit angle such 
that the properties of the brane can actually be inferred 
from the properties of the bulk geometry [1^. We take 
a similar point of view for the zerowarp singularity and 
use the word "brane tension" also for the singular energy 
momentum tensor for this configuration. 

Consider the solutions of pure six dimensional gravity 
with a cosmological constant in sect. IIVI They have two 
physical integration constants. For the solutions with two 
branes those can be associated to the two deficit angles 
at the two singularities. In other words, the two integra- 
tion constants are given by the tension of the two branes. 
If we consider the brane tensions as fixed intrinsic values, 
the bulk metric is completely fixed. (This holds up to the 
two irrelevant integration constants, one giving the loca- 
tion of branes, i.e. the location of one brane at z = 0, the 
other specifying the overall normalization of cr.) For fixed 
brane tensions the boundary conditions at the singulari- 
ties are fixed by appropriate "matching conditions" . The 
variations of the metric which lead to the brane constraint 
(|94p are not compatible with those fixed boundary condi- 
tions. Indeed, the metric is fully specified by the solution 
of the field equations with the boundary conditions given 
by the two brane tensions. Now Ai is given by the values 
of the two brane tensions and there seems to be no reason 
anymore to impose the constraint (j94p . 

This situation generalizes to the singularities with codi- 
mension larger than one. There is a one to one correspon- 
dence between the singular energy momentum tensor on 
the brane on one side, and physical integration constants 
which parameterize the most general solution of the gravi- 
tational field equations with the symmetries of our ansatz, 
on the other side. For two singularities the two brane ten- 
sions fix two integration constants. In the absence of a 
scalar field this fixes Ai. These considerations also hold 
for the case where some singularity of our solution is a 
coordinate singularity, like the horizon of the black hole. 
(The location of the "brane" is then inside the horizon.) 

If we add the scalar field, two additional integration con- 
stants characterize the most general solution, i.e. S{zo) 
and S'(zo). Even for fixed brane tensions the effective Di- 
dimensional cosmological constant Ai is no longer fixed 
uniquely. It will depend on the additional integration con- 
stants. Thus Ai appears to be again a free integration 
constant. Of course, we can fix the two additional integra- 
tion constants by the properties of the scalar field at the 
singularities. In this sense, we can define a "scalar charge" 
of the branes, similar to the"cosmon charge" of black hole 
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like solutions in four-dimensional gravity with scalars [l^ . 
Then Ai is determined by the brane tensions and the scalar 
charges of the two branes. For fixed scalar charges, the 
variations of S, which lead to the boundary term in eq. 
(92), would then be replaced by a fixed behavior of S at 
the singularity, as given by the scalar charge. 

We note that in distinction to the energy momentum 
tensor no conserved charge can be associated to the "scalar 
charge", even if a singularity is embedded in flat higher 
dimensional space. Fixing the scalar charges of the two 
branes is just another wording for taking fixed values of the 
integration constants 5{zo) and S'{zo) and seems quite ad 
hoc. Constraining the variations of the metric and scalar 
field to fixed values of the scalar charges lacks any natural 
motivation. In particular, there is no reason why the scalar 
charges cannot change in the course of the cosmological 
evolution. 

We will argue in the next section that this considera- 
tion also holds for the brane tensions, unless additional 
unknown microphysics keeps the brane tension fixed. Sim- 
ilar to the mass of a black hole in usual four-dimensional 
gravity, the brane tensions should be considered as dynam- 
ical quantities, reflecting the result of a given cosmological 
history. For a black hole, one does not consider its mass as 
given a priori - it is rather a result of the accretion of mass 
in the past. There is no difference between a black hole and 
a brane in higher dimensions, except the different value of 
Di. (For black holes one has Di ~ 1). We therefore will 
consider the brane tensions as dynamical quantities as well. 



VIII. COSMOLOGY WITH VARYING BRANE 
TENSION 

For variable brane tensions we will investigate in this 
section the variations of the higher dimensional metric and 
scalar flelds from a dynamical point of view. We will dis- 
cuss the possible time evolution of these flelds. This will 
shed new light on the question why a static cosmologi- 
cal solution is subject to the brane constraint ([M|) . If the 
brane tensions are not flxed a priori, but are rather allowed 
to vary with time, there seems to be no reason to exclude 
from the allowed states the metric variations of glw^\x), 
which are local in _Di-dimensional space, but global in the 
coordinates of internal space. Computing the brane ten- 
sion for some flxed internal geometry and some arbitrary 
given metric gll^'^\x) will result in a brane tension that 
depends on x^. 

In analogy to the four-dimensional black holes, this 
seems rather natural. Indeed, for a study of the time 
evolution of black hole like objects the metric functions 
A{r, t), B{r, t) of the isotropic line element ds^ = —Bdt^ + 
Adr^ + r^d^^l depend on time and the radial coordi- 
nate r. (In particular, B(r,t) is the analogue of an x- 
dependent warping factor a{z,x) or, more generally, of an 
x-dependent metric component g^i,{z,x).) The mass of 
the black hole can be deflned by the radial dependence of 
B{r, t) at a given distance of the singularity. (At a sufflcient 
distance of the black hole, i?(r, t) is directly related to the 



Newtonian potential.) In general, this mass will depend on 
time - in complete analogy to the higher dimensional brane 
tension depending on x'^. There would be no good reason 
to impose an additional constraint on B{r,t) which keeps 
the mass of the black hole at some given time independent 
value. (Note that the mass of the black hole is conserved 
only if it is embedded in empty flat space. If there are stars 
or dust outside the region which is used to deflne the mass 
of the black hole inside, these objects may be accreted later 
and enhance the mass of the black hole.) Similarly, there 
seems to be no good reason to restrict the possible metrics 
gjw^^ to those with a flxed brane tension. 

All these remarks may seem rather trivial. The con- 
sequences for our understanding of singular solutions in 
higher dimensional space-time are far reaching, however. 
They result in the additional brane constraints for the al- 
lowed static solutions, as the constraint Consider 
again the flnitc-volumc solutions of higher dimensional 
gravity discussed in sect. IIVI and start at some time Iq 
with a metric conflguration given by such a solution. We 
will argue that for t > to neither L nor g^i?^"* remain at the 

values given at to, i-e. L{to) = 1, i?^i?^^(to) = ^idl^^K un- 
less the brane constraint is met. In consequence, also the 
brane tensions do not remain at the same values as for to 
- they change in the course of the cosmological evolution. 
The action for the dimensionally reduced Di- 

dimensional theory for the metric g^I^^^ and the di- 
mensionlcss "radius of internal space" L reads 



5( 



Di 



M 



Cv_ 
CR 



2 



Di + D2 + I cy _ DiAi 
Di+D2-lcR^ 2 



(121) 



with cl an integral over internal space which multiplies the 
derivative term for an x-dependent radius L{x). We have 
already seen in sect. IVII that S**^^^^ is an extrcmum with 
respect to variations of g^Ei^^ and L only if the constraint 
([94)1 is obeyed. We will investigate here in more detail the 
solutions to the fleld equations for g\Ei^^ and L that follow 
from the variation of the action p2ip . For simplicity we 
consider only the case Di = 4. 
We first perform a Weyl-scaling 



(122) 



such that S'^^^ becomes (with R the curvature scalar built 
from 5^,^) 



5(4) = I )^^_v-'-^dnnLd^\nL[. (123) 



(Since we will consider only variations of and L that 
are local in the four-dimensional space, we are allowed to 
omit boundary terms.) The action (|123p corresponds to 
the Einstein frame where the coefficient in front of R is 
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field independent. In this frame the potential reads 

V{L) = T/(^i)(L)i-2(D.+i) (^24) 

^ + _ / D2 + 5CV \ L-(^.+3)^ 

CR \D2+5cr ) 



with derivative 

Z = -(^2 + l)^L-(^^+^) 



(125) 



^[D2 + 5)— L-(^^+'*) - 2{D2 + 3)AiL-(^^+4). 



The extremum occurs for 



— 



D2 + 5 _ 2KiCR 1)2 + 3 

D2 + 1 Cy 1)2 + 1 ' 



Only if the brane constraint ([M|) is met, 



Ai = Ai,c = 



£•2 + 3 Cfl 



(126) 



(127) 



the extremum occurs for Lq — 1, as required by the d- 
dimensional solution. For all other values of Ai the nonva- 
nishing derivative dV/dL will induce a change of L{t) from 
the "initial value" L{to) = 1 to some other value. Thus the 
solution of the field equation for L derived from the effec- 
tive four-dimensional action (jl23|) cannot be static if we 
start with L{to) = 1 and Ai 7^ Ai^c- In other words, the 
true solution corresponding to the extremum of the higher 
dimensional action will be a non-static runaway solution 
for such an initial condition. We will discuss the generic 
properties of these runaway solutions in the next section, 
and end this section with a few more considerations on the 
possible static solutions. 

For Lq = 1 the solution of the four-dimcnsional field 
equation 



is given by 



R = AV^ 4Ai 
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(129) 



if the brane constraint is met. In this case we have a consis- 
tent solution with static L{t) — 1 and i?^^ — (.g^u,- The 
second derivative d^V jdl? at the extremum at ig = 1 is 
negative for cv /cn > 0, such that Lq actually corresponds 
to a maximum of V{L). The consistent static solution is 
then unstable with respect to small excitations. (The vicin- 
ity of this solution could describe an inflationary universe.) 

We may understand the properties of the effective Di- 
dimensional scalar potential V in the Einstein frame in 
a more general context. Let us consider a set of Di- 
dimensional scalar fields ipu that correspond to local varia- 
tions of the d-dimensional fields which vanish at the singu- 
larities. A second set of scalar fields ip^ describes variations 
that do not vanish at the singularity, like the variation of 
the overall size of internal space L. The fields "tpu and Lp^ 



are chosen such that they vanish for a solution to the d- 
dimensional field equation. Expanding around a solution of 
the d-dimensional field equations one finds in linear order 
for homogeneous fields V'u the Di-dimensional field equa- 
tions 



dV 



Qu{il^u,Vz) , Q„(0,0) = 0. 



(130) 



Here Dt is an appropriate operator involving time deriva- 
tives. For flat Di-dimensional space one has Dt = -d^, 
while the appropriate generalization to Di-dimensional 
(anti-) de Sitter space makes Dt vanishing in the case of 
maximal symmetry of the _Di-dimensional subspace. 

The solution of the d-dimensional field equations guar- 
antees an extremum of the action with respect to local vari- 
ations ^pu■ In consequence, vanishes for ipu = = 0- 
Away from the solution of the d-dimensional field equations 
the source term Qu will not vanish anymore - the fields 
^„ ^ or ^ no longer correspond to an extremum of 
V. In our case the d-dimensional solution L = Ap = 1 cor- 
responds to tpu = Ojipz = while other values of L and Ap 
are no longer higher dimensional solutions. They amount 
to nonvanishing 1^92, with Qu{^z 7^ 0) 7^ 0. They therefore 
do not correspond to static solutions. In other words, for 
L 1 01 Ap 1 a, non-static behavior arises due to a 
source term for the fields tpu, even if L and Ap themselves 
may have no source term for some particular values. 

In contrast, for the field equations for the nonlocal fluc- 
tuations 



dV 

Dtfz = 7^ = Rzii^u, fz) 



(131) 



no argument is available in order to guarantee Rz{0, 0) = 0. 
The solution of the higher dimensional field equations only 
guarantees an extremum for the local fluctuations, but not 
for the nonlocal fluctuations ipz- In general, one has a 
nonvanishing source term and the fields ipz do not remain 
constant. The changes of the scales of D2 + 1 dimensional 
space, L, or the D2-dimensional subspace, Ap, correspond 
to nonlocal fluctuations ipz- The solution to the higher 
dimensional field equation, = (p^ = 0, is not sufficient 
to guarantee an extremum of V. The extremum condition 
Rz{0,0) = provides for the additional brane constraints 
^ and (fTUTD . 



IX. RUNAWAY SOLUTIONS 

In this section we discuss the fate of cosmologies which 
start at to with a higher dimensional solution for which the 
brane constraint is not obeyed. We first discuss this issue 
within the reduced four-dimensional theory and investigate 
the solutions for the field equation derived from the action 
(I123p . For Ai > Ai^c the potential derivative is negative 
for L(to) = 1- The radius L therefore starts to increase 
for t > to. Since no extremum of V is encountered, we 
have a "runaway solution" where L evolves to infinity as 
t ^ 00. For large enough L only the term ^ ]^-{D2+i) 
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matters for the potential. This is a rather generic type 
of higher dimensional runaway solutions fis'l . For a scalar 
field with canonical kinetic term, 

Lp = Cj^^M\nL (132) 
one finds an exponential potential 

y - M^'exp (^-a^) , a ^ ■ (133) 

In presence of radiation and matter this leads to the typi- 
cal scaling solutions associated with quintessence [l^ , pro- 
vided a > 2. For a < 2 or in the absence of matter and 
radiation one has a scalar field dominated late cosmology. 
For both types of solutions the scalar field (p increases ~ In i 
and the scalar potential decreases ~ t^^, at the same rate 
as the dominant matter or radiation. The Hubble parame- 
ter decreases ~ t~^, such that the curvature scalar R van- 
ishes asymptotically for t oo. (For a realistic particle 
physics model, however, possible problems arise from too 
large variations of "fundamental coupling constants" p^.) 

The solution of the effective four-dimensional theory 
looks very different from the one expected for the higher 
dimensional solutions with Ai > Ai_c. Instead of a de 
Sitter solution with fixed cosmological constant Ai , the ef- 
fective cosmological constant relaxes to zero. On the other 
side, for Ai < Ai^c, the potential derivative is positive for 
i(to) — 1- For t > to the radius decreases now towards 
zero. The terms ^ ]^~{D2+3) ^^y^ dominate the potential 
(|124p and V{L) will get negative. Again, the solution is 
quite different from the static six dimensional solution. For 
both cases with Ai ^ Ai^c the boundary terms at the singu- 
larities change. These solutions correspond to cosmologies 
with brane tensions changing with time. 

Of course, the solutions of the effective four-dimensional 
theory for g^fl^^^ and L are not solutions of the higher di- 
mensional field equations. They obtain for a fixed shape of 
the internal geometry, i.e. fixed functions /9(z),(t(z). For 
true dynamical solutions, which should also obey the d- 
dimensional field equations, one expects that other fields 
except gl^^^ and L change their values for t > Iq. For ex- 
ample, the functions p{z) and a{z) correspond to infinitely 
many four-dimensional scalar fields after dimensional re- 
duction, the "Kaluza-Klein modes". Typically, these are 
massive scalar fields, often with a discrete spectrum jl7| . 
The four-dimensional field equations discussed above ne- 
glect the changes in these massive scalar fields. 

However, one does not expect that these massive modes 
change the qualitative behavior of the solution. The run- 
away solutions for i cxd or L — > correspond to rather 
generic geometrical features. They involve only consider- 
ations of relevant length scales, rather than the detailed 
shape of internal geometry, reflected in the detailed prop- 
erties of the scalar potential [l^ . If one would "integrate 
out" these modes by solving their field equations as func- 
tions of given L{t), gj^^\t), one would obtain a modified 
effective action (I12ip . The potential V{L) would get mod- 
ified, and the constant cl as well as the coefficient of the 
curvature term would acquire an additional i-dependence. 



The general shape of V{L) cannot change, however. Its 
only true extremum must correspond to a static solution of 
the higher dimensional field equations. They have all been 
classified in sect. IIVI Furthermore, the brane constraints 
must be satisfied. The only true extremum is therefore the 
maximum at Lq 1. We conclude that the only static 
solution corresponds to the maximum at Lq = 1, with 
Ai = Ai^c- Since this solution is unstable, it requires very 
particular initial conditions. 

All other initial conditions end in runaway solutions with 
L oo 01 L 0. In particular, for initial conditions given 
by a higher dimensional solution with Ai ^ Ai^c, the be- 
havior of L very near the initial time to is given by V{L) 
in eq. p24p . All massive modes start with small values 
at ^0 a-s well, and they do not influence the evolution of 
L in a linear approximation in L — 1. Starting from a 
static higher dimensional solution, with arbitrary integra- 
tion constants corresponding to the continuous family of 
solutions of ref. at most a subset with discrete values 
of the four-dimensional cosmological constant really shows 
static behavior. For variable tension branes generic initial 
conditions lead to runaway solutions. 

We have argued that the generic character of the run- 
away solutions remains even we include the other degrees 
of freedom obtained from dimensional reduction. Indeed, 
the runaway solutions correspond to the generic extrema 
of the higher dimensional action - they are no artefacts of 
the approximation (|12ip . As an example for the quantita- 
tive changes induced by the presence of additional fields we 
include further scalar fields in the effective Z?i-dimensional 
action. In fact, the issue of additional changes of internal 
geometry beyond the overall scale can be demonstated by 
including into the effective Z?i-dimensional theory also the 
scalar fields that correspond to a;-dependent factors Ap{x) 
and Aa{x). This yields 

J X 

(134) 

with 
and 

W-^)=L-^+Mf + ^ (136) 

L cr 

2L2 CR \ Ap) D1 + D2-ICR) - 

We observe that is monotonic in Acr with a vanishing 

derivative only for = 0. At first sight this seems to 

question the consistency of static solutions for 7^ 0. 

However, for Ai ^ the term will also contribute 

to the ^cr-dependence of the effective action, as discussed 
after eq. ([55]) . There are now also derivative terms for Ap 
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and 

4?n^ = -^L^^+'AfAT^ (137) 
{cLL-^d^Ld^L + CKpA-'^d^'Apd^Ap 
+CK<jA^^d'^AadpAa + mixed terms}. 

The mixed terms contain terms ~ d^LdpAp etc.. 

We restrict the discussion again to Z^i —4 and perform 
the Weyl scaling 

g^pJ = w^g^^, (138) 

resulting in the effective action in the Einstein frame 

5(4) = m2 ^ I ii? - F + £,.„,| , (139) 
with scalar potential 

V = w^v^^^ = l-^^^+da;"^ + ^ (140) 

2L2 cfl, ^ Ap) L2^2 + 3cflJ ■ 

After Weyl scaling the potential shows no dependence on 
A^ anymore. This simply reflects that A^{x) and g'pi^\x) 
are not independent variables, since A„{x) can be absorbed 

into a redefinition of g^J^^\x). The Weyl scaled metric in 
the Einstein frame is independent of this artificial separa- 
tion. In consequence, no kinetic term for A„ remains after 
the Weyl scaling 

Ckin = -^{cL^'^lnLa^lnL + CKpa^ln^p^^ln^p 

-fCLpa'^lnLa^lnAp}. (141) 

Besides gravity the effective four-dimensional theory 

1/2 

contains now two scalar fields, ipL — MlnL and 

~l/2 

— c^pMlnAp. Static solutions require an extremum 
with respect to variations of both L and Ap, and consis- 
tency with the d-dimensional field equations requires that 
this extremum occurs for L = l,Ap = 1. In a more gen- 
eral setting, there will be additional four-dimensional scalar 
fields, which correspond to local changes of internal geom- 
etry, i.e. changes in the ^-dependence of ct(z) or p{z) which 
vanish at the singularities. For extrema of V (|140l) aX L ^ 1 
or Ap ^ 1, the variations of the extended scalar potential 
with respect to these additional fields will not vanish. 

Let us investigate the shape of the potential (|140p more 
closely. With cv = cv/cr , ca = Cp/cR , K2 = D2 - I 
and Ai A , Ap ^ A this is the effective potential ([1}. 
First of all, we note that for A2 = there is no minimum 
with respect to variations of Ap unless = 0. This is a 
manifestation of the discussion after eq. (|102p . For _D2 — 1, 
where A2 = 0, the only possible solution for static internal 
geometries with finite volume can occur for 

CR lD2 + icR J 



On the other hand, an extremum of V with respect to L 
requires eq. (|126p . For static solutions this has to occur 
for Lq ~ 1 and therefore obeys the constraint ([M|) . (|127p . 
Ai = 2cv/[{D2 + 3)cfl] . Insertion into eq. (|142p . together 
with L = 1, yields for D2 = 1 the condition cy = 0. Static 
solutions are then only possible for ^ = 0, cy ~ 0, Ai = 0. 
For D2 > 1 , A2 7^ the requirement of an extremum of the 
potential (|140p at L = Ap = 1 precisely yields the two 
conditions ((94)) and (|10ip . We note that the extremum of 
y is a maximum both with respect to variations of L and 
Ap. The static solution is unstable. 

We conclude again that the generic cosmological solu- 
tions for variable tension branes are runaway solutions 
where L and Ap either diverge or go to zero. Let us con- 
sider initial conditions for which both L and L^Ap increase 
towards infinity for asymptotic times t — > 00, while Ap goes 
to zero. First of all, we note that the particular runaway 
cosmology is modified as compared to the case Ap = 1 
discussed at the beginning of this section. Nevertheless, 
the qualitative features remain similar. A given cosmol- 
ogy will now move along some trajectory in (L, Ap)-space. 
We can associate this trajectory with a cosmon field (p and 
choose a standard normalization of its kinetic term. Then 
we will encounter again an exponential potential decreasing 
to zero as — > CX3, as characteristic for quintessence cos- 
mologies. These features will remain similar if we include 
further scalar fields beyond L and Ap. The exponential 
potentials are generic for runaway solutions [13]. 

For L — > 00, L'^Ap — > 00 the brane tensions at the 
singularities go to zero. One may wonder if cosmol- 
ogy approaches asymptotically a state where the differ- 
ence between the Di — 1 large space dimensions and the 
D2 + 1 internal space dimensions vanishes, such that four- 
dimensional gravity is no longer meaningful. This is not 
automatic. The issue depends on the relative size of L and 
the Di-dimensional Planck mass, as well as on the curva- 
ture of I?! -dimensional space. We have to compare typical 
masses of the Kaluza-Klein modes Mkk with the scale of 
gravity. Only if Mkk vanishes sufficiently fast as com- 
pared to the effective Planck mass the internal dimensions 
become asymptotically observable. (We assume here im- 
plicitely that particle physics masses as the nucleon mass 
scale proportional M, as required by observation, cf. our 
conclusions.) 

Let us consider Di = 4 and compute in the Weyl frame 
(before the Weyl scaling) the ratio Rkk between and 
the coefficient in front of the four-dimensional curvature 
scalar R'^^\ With a renormalized mass in the Weyl frame 
^'^KK ^ ^''^^ finds 

i?A'A— i^'^'^+^^A;^. (143) 

The dimensionless ratio Rkk is invariant under Weyl scal- 
ing such that in the Einstein frame = RkkM^. For 
the potential (|140p we may compare Mkk with the char- 
acteristic scale for dark energy {APvY^^ and compute the 
asymptotic ratio 

_ a_ 

(M^t/)-!/^ ^ M5 (^^^ 'l^^Ap^. (144) 
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If this ratio becomes smaller than one a description in terms 
of a four-dimensional quintessence cosmology ceases to be 
meaningful. (The presently observed dark energy scale is 
(M2y)i/4 ~ 2-10-^eV, and Mkk would become smaller.) 
We may also make a comparison with a typical size of the 
Hubble parameter, ~ V^^^, 

MkkV-'/^ ^ M (^^^ (145) 

If this ratio is of the order one the size of internal space is 
comparable to the horizon of the four-dimensional space. 
The issue depends on the evolution of cy /cr. For constant 
V observable internal dimensions seem unavoidable in our 
model for large t. On the other hand, a runaway where 
cv /cr approaches zero sufficiently fast may be compatible 
with unobservable internal dimensions. Realistic cosmolo- 
gies should correspond to increasing ratios (|144p . p45p for 
increasing t. We also observe that for ^ 1 the lowest 
masses of the Kaluza-Klein modes pick up an additional 
factor Ap^^^ multiplying eqs. pl4| . pl5| . In ref. [Ts] 
we have discussed various scenarios for runaway solutions 
where internal space remains unobservable and the danger- 
ous change of "fundamental couplings" may be effectively 
stopped. 

We end this section with a brief discussion of the run- 
away solutions for higher dimensional theories with a scalar 
field. This can be done on the basis of the effective four- 
dimensional action (|109p . For V > Q the effective potential 
Vs is positive definite. For the exponential potential ((62|) 
one finds that Vs vanishes only if (5 — > cx3, 5' — + 0. For this 
case one may argue that it is likely that the runaway so- 
lution leads to 5 increasing to infinity, with 5''^ relaxing to 
a small value. The runaway solution "turns off" the scalar 
field. In other words, one expects that the ratios cv/cr 
and ck / cr go to zero during the runaway. 

X. CONCLUSIONS AND DISCUSSION 

We have distinguished between fixed tension branes and 
variable tension branes. For the variable tension branes 
we have identified additional constraints besides the re- 
quirement of being a solution of the field equations. These 
"brane constraints" result from the extremum condition 
for the action with respect to field variations that change 
the strength of the singularity and therefore the brane ten- 
sion. A simple example for such variations are changes of 
the metric that are local in four-dimensional space, but do 
not change the geometry of internal space and the warp- 
ing in a higher dimensional context. The brane constraints 
are also needed in order to obtain a consistent dimension- 
ally reduced effective theory in four dimensions, where the 
metric can be varied without constraints. 

The brane constraints strongly restrict the number of 
static solutions or, more generally, of solutions with maxi- 
mal four-dimensional symmetry. (We assume homogeneity 
and isotropy in the large three space dimensions as appro- 
priate for cosmological solutions.) While the d-dimensional 



field equations admit continuous families of solutions with 
free integration constraints, these are reduced to at most 
a discrete subset of extrema of the action. The four- 
dimensional cosmological constant remains no longer a free 
integration constant of the solution. For the static solu- 
tions it becomes fixed by the parameters of the theory, 
similar to the case of fixed tension branes. As a result, the 
singular spaces with branes become in this respect very 
similar to regular or compact spaces. Both have at most a 
discrete set of static solutions. 

We have investigated d-dimensional gravity with a cos- 
mological constant. Furthermore, we have also considered 
additional d-dimensional scalar fields. For solutions with 
variable tension branes and finite four-dimensional gravita- 
tional constant we have found a constraint for the effective 
four-dimensional cosmological constant Ai. In particular, 
for flat four-dimensional space, Ai — 0, the d-dimensional 
cosmological constant must vanish, = 0, cf. eq. (|94p . 
(For higher dimensional scalar fields this generalizes to a 
weighted integral over the scalar potential, cy — 0, cf. eq. 
(|89p .) A further constraint for internal geometry requires 
for Ai = that also the effective cosmological constant for 
the internal d — 5 dimensional hypersurface must vanish, 
A2 = 0. The static solutions with Ai = A2 = F = are 
known, cf. the appendix. They correspond either to flat 
d-dimensional space or to exact infinitely spread brane or 
zerowarp solutions with a powerlike decrease or increase of 
the warp factor for z 00, cf. eg. ([5^ . These solutions 
have no finite four-dimensional gravitational constant. For 
our class of models no variable tension branes with static 
solutions and effective four-dimensional gravity with van- 
ishing cosmological constant exist. Solutions of this type 
that have been considered previously in the literature 4, 5T| 
cannot be realized for variable tension branes. 

Our general discussion can be extended to models where 
static solutions with Ai = and effective four-dimensional 
gravity are known to exist. In fact, every solution of the 
higher-dimensional field equations with a regular space au- 
tomatically obeys the brane constraints. In the absence of 
singularities these constraints follow from the solution of 
the field equations since the boundary terms in the varia- 
tion of the action vanish. It is an interesting open question 
whether there are also singular static spaces that obey the 
brane constraints, have a finite four-dimensional gravita- 
tional constant and a vanishing four-dimensional cosmo- 
logical constant. 

The absence of static solutions, both for Ai 7^ and van- 
ishing Ai, may offer interesting perspectives for cosmology. 
In fact, for a positive d-dimensional cosmological constant 

> we have found that our model does not have any 
stable static solution with effective four-dimensional grav- 
ity and maximal symmetry. Thus an asymptotic state of 
the universe with a fixed nonzero cosmological constant 
is excluded for the variable tension branes in our models. 
We argue that the characteristic cosmological solutions for 
variable tension branes are runaway solutions where the ef- 
fective four-dimensional cosmological constant or dark en- 
ergy approaches zero as time goes to infinity. These are 
candidates for models of quintessence. We have shown 
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that variable tension branes typically lead to an exponen- 
tially decaying potential for the cosmon field. However, 
for the runaway solutions also the length scales of internal 
space are evolving. This poses problems with the observed 
approximative constancy of the couplings of the standard 
model of particle physics. What will be needed, is a stabi- 
lization mechanism for the "fundamental couplings" . Sev- 
eral possible mechanisms have been suggested in 13:]. We 
do not address this issue in the present paper. 

We may compare our findings for variable tension branes 
with the situation for fixed tension branes. Now (part of) 
the brane constraints are absent, at the price of introducing 
the brane tension as an additional fixed parameter of the 
model. Performing dimensional reduction as in sect. IIVI 
one may naively conclude that no consistent dimensionally 
reduced four-dimensional gravity theory exists even for this 
case. This raises the question how the concept of fixed ten- 
sion branes can be implemented in higher dimensions in a 
meaningful way. The problem is that independent local 
variations of the four-dimensional metric, leaving internal 
geometry fixed, are no longer allowed. Since they change 
the strength of the singularity locally, one has to demand 
that for a fixed brane tension such metric variations are 
always accompanied by local changes in the internal geom- 
etry which compensate their effect on the brane tension. 
One needs to implement the constraint of a fixed brane 
tension within the effective four-dimensional theory. This 
amounts to a complicated non-linear constraint among the 
infinitely many four-dimensional fields that result from an 
expansion of the higher dimensional fields in some complete 
system of functions. In other words, a consistent ansatz for 
the four-dimensional metric is no longer of the form of eq. 
(jlip with arbitrary gjjSix), but all other fields independent 
of x'^. For a given gj^J{x) also the functions a and p (and 
possibly other functions) will have a specific dependence 
on x'^ . Only in this way an effective four-dimensional the- 
ory can be obtained which is consistent with a fixed brane 
tension. While dimensional reduction for variable tension 
branes is straightforward, it becomes rather involved for 
fixed tension branes. 

Let us finally address the cosmological constant problem 
in the light of our findings. We have encountered two dif- 
ferent types of solutions that are extrema of the higher di- 
mensional action: static solutions and runaway solutions. 
Static solutions have the maximal four-dimensional sym- 
metry of Minkowski-, de Sitter- or anti-de Sitter-space. 
They occur both for fixed and variable tension branes. The 
solutions of the higher dimensional field equations are sub- 
ject to additional constraints, either from the fixed brane 
tension or from the brane constraint that variable tension 
branes must obey. Typically, for the static solutions the ef- 
fective four-dimensional cosmological constant has a value 
which is fixed by the parameters of the theory. Obtain- 
ing a zero or very small value of the cosmological constant 
requires an apparent fine tuning of parameters. In other 
words, such values need some additional explanation. On 
the other hand, the dimcnsionless couplings of the stan- 
dard model of particle physics have naturally static values, 
such that no problems with a too strong time variation of 



those couplings arises. 

For the runaway solutions, in contrast, the effective four- 
dimensional cosmological "constant" typically goes to zero 
as time increases to infinity. This asymptotically vanish- 
ing value is a simple consequence of geometry and there- 
fore stable with respect to quantum fluctuations. This 
may solve the problem of the cosmological constant by a 
quintessence type cosmological scaling solution. There the 
value of the dark energy density is naturally of the same 
order as the energy density in matter and radiation - both 
decrease with the inverse second power of time. Indeed, for 
the runaway solutions the effective potential for the scalar 
cosmon field turns out to be of the exponential type which 
leads to such scaling solutions as cosmological attractors. 
In order to explain the recent relative increase of the dark 
energy fraction ("why no problem") the scaling solutions 
need some additional ingredient which causes an end of the 
scaling regime - one possible mechanism could be an effec- 
tive stop of the time evolution of the cosmon field triggered 
by a growing neutrino mass [l8[. The potential problems 
from this scenario arise from a different side. Since the ge- 
ometry of internal space and the warping are not static, the 
rather strict bounds on a possible time variation of funda- 
mental couplings in particle physics have to be explained. 

Again, runaway solutions can exist both for fixed ten- 
sion and variable tension branes. In a certain sense, they 
are more generic for variable tension branes, since the sta- 
bilizing effect of a fixed brane tension is absent. In our 
specific model the characteristic cosmological solutions are 
all runaway solutions, except for a few unstable static so- 
lutions for singularities with codimension larger than two. 
Variable tension branes offer perhaps also more freedom 
for a solution of the problem of "running couplings" in 
runaway solutions. It is conceivable that the adjustment 
of the strength of the singularity during the runaway oc- 
curs in a way that leaves the dimcnsionless couplings of 
elementary particle physics fixed. 

Within our class of models, we have found an interesting 
class of runaway solutions, for which the asymptotic be- 
havior approaches the static solution with F — > 0, Ai ^ 
0, A2//0 — > 0. This static solution may not be flat d- 
dimensional space, but rather a brane or zerowarp solution 
with p ^ z'^,a ^ for all z. For the runaway solution 
the coefficient cr, which multiplies the four-dimensional 
curvature scalar R^'^\ may remain finite, diverging only for 
t 00. In this case an effective four-dimensional gravity 
may be well defined. For the models with a higher dimen- 
sional field the limit V corresponds to a free massless 
scalar field. This is the Weyl-scaled version of a higher 
dimensional model with dilatation symmetry [Tsj . In the 
asymptotic limit the brane or zerowarp solution therefore 
corresponds to the spontaneous breaking of an exact di- 
latation symmetry, with an exactly massless cosmon field 
as the corresponding Goldstone boson [l^ . 

The effective four-dimensional theory for our ansatz with 
SO{D2 + 1) isometry will contain the gauge bosons of 
a non-abelian Yang-Mills theory with gauge symmetry 
S0{D2 + 1). The gauge coupfing g is dimensionless in 
four dimensions - it mimics the dimensionless couplings of 
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the standard model of elementary particle physics. We 
may ask if it is possible for a runaway solution that g runs 
towards a nonvanishing fixed point value as time in- 
creases to infinity. Then one may expect that for late times 
the change of g is small. In a more realistic analogue this 
could explain the observed (approximate) constancy of the 
couplings. The four-dimensional non-abelian gauge theory 
leads to a coupling depending on the length scale, inducing 
a confinement scale A by dimensional transmutation. If we 
identify g with the "running coupling" g{M) evaluated at 
the Planck scale, a fixed g would result in a fixed (expo- 
nentially small) ratio A/M. This could be the analogue 
for a fixed ratio between the nucleon mass and the Planck 
mass in a more realistic scenario. 

For a realistic runaway solution we require the following 
conditions: 

i) The effective cosmological constant should go asymp- 
totically towards zero. A characteristic value for the 
present time which is compatible with observation is 
V/M^ « 10-120. 

ii) The dimensionless gauge coupling g should asymp- 
totically approach a constant value. 

iii) The mass of the Kaluza-Klein excitations should re- 
main sufhciently large such that internal space has 
not yet been observed. For the present time this re- 
quires Mkk/M > 10"". 

We argue that a runaway solution is not incompatible 
with a constant g. By simple scaling arguments one finds 



decreasing L, with Ap increasing according to eq. (|147p . 
Then Rkk picks up an additional factor A'Z^, such that 



Rkk - L^2-^. 

A particular simple from of runaway would only rely on 
decreasing cv, while L and Ap remain approximately con- 
stant. Quite generally, one finds for Di = 4 
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P 



(149) 



such that a constant gauge coupling obtains for a static in- 
ternal geometry or, more generally, if the function zp 2 
remains essentially constant around its maximum. The 
gauge coupling is independent of the warping tr, however, 
and therefore not affected by a possible runaway of the 
warping near the singularities. Nevertheless, the warp fac- 
tor influences the masses of the Kaluza-Klein modes and its 
change is restricted from this side. If realistic phenomenol- 
ogy requires within our model an almost static internal ge- 
ometry, a possible runaway could only concern the scalar 
sector, with a runaway of the scalar potential towards zero. 
It remains to be seen if a runaway of this type can be re- 
alized in an appropriate model. A search for such possi- 
bilities opens interesting new perspectives for a solution of 
the cosmological constant problem. 
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-2 ~ i^^-i^r^ 



(146) 



Despite an increasing L during a runaway solution one may 
have a simultaneous decrease of Ap towards zero such that 
g remains constant. This would require a behavior during 
the runaway where 



Ar, 



_ 2Z52-2 



(147) 



The effective radius of the Z?2-dimensional subspace ~ 
LyfA^ ^ (g'^L) °2-2 would decrease for a solution with 
increasing L and constant g. On the other hand, the ef- 
fective four-dimensional scalar potential (or "cosmologocal 
constant") scales 



V 



g '^2-2 cy. 



(148) 



A fixed g does not contradict V/M'^ 0, which may be 
due to cv — *■ 0. Thus a runaway of the cosmological con- 
stant towards zero could be compatible with a fixed gauge 
coupling. Also internal space could remain unobservable, 
requiring Rkk > lO^^s. ^he ratio Rkk = M]^k/^^ ^e- 

2(-D2-3) 

haves for fixed g as L "2-2 . For a realistic model with 
a moderate increase of i, a decrease of cy with a suffi- 
ciently high power of would be needed for an accept- 
able present dark energy density. Another option may be 



APPENDIX: FLAT BRANES IN HIGHER 
DIMENSIONAL GRAVITY WITHOUT 
COSMOLOGICAL CONSTANT 

An interesting special case is d-dimensional gravity 
without a d-dimensional cosmological constant, = 0, 
and with vanishing Di-dimensional cosmological constant, 
Ai = 0. This will appear as the limiting behavior for small 
V and Ai. In particular, the solutions will comprise the flat 
branes embedded in flat space. We first consider the case 
of positive A2 and take A2 = -D2 — 1, such that fiat space is 
realized asymptotically for z ^ 00 if p = z"^, a = const.. If 
a brane sits at z its codimension is D2 + 1 . We will concen- 
trate the discussion here to branes with codimension larger 
than two, D2 > 2. 

For F = 0, Ai = 0, A2 = 1)2 - 1 eqs. (EU simplify 



2 

D2 
2 



w' = — -^w^ - -^uw 



2{D2 - 1) 



(A.l) 
, (A.2) 



with eq. ([T5)) yielding 



W 




DijDi+D-i- 

D2{D2 - ly 



1) 4 
-^[/2 + -. (A.3) 
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Eq. (jA.3p can also be written in the form 
D2-I D2-I 



P 



W^ + 2LuW+ ^'^^'-^\ \ (A.4) 
4 2 4D2 



such that eq. (jA.2[) becomes 



2D2 



(A.5) 



For the special case of black holes with Di — 1 the equa- 
tions can be further simplified. With 



W = 



U 



Do - 1 



4p2 - ly 



we obtain the relation 

{D2 - l)W^ + 2UW : 



4(i?2 - 1) 



This can be used to write eq. (jA.2[) in the form 
W 



-W^ + -UW. 
2 2 



(A.6) 



(A.7) 



(A., 



As a particular case we note that for the five-dimensional 
black hole, Di — 1, D2 — 3, one has 



U' + W' = --(U + wf , u + w =-, 
2 z 



and therefore 



z 

P = — ■ 

CfJ 



(A.IO) 



We first concentrate on the solutions describing a flat 
brane embedded in c?-dimensional flat space. The embed- 
ding into an asymptotically flat space implies the boundary 
condition 



lim p = , lim cr = 1 , lim W = -. (A. 11) 



Eq. (jA.3[) is obeyed asymptotically for e = +1, if [/ decays 
faster than z^^. In this case the asymptotic behavior of 
eq. 



(A.12) 



is obeyed by eq. (jA.lip . The leading behavior for U is 
given by eq. (jA.l|) 



U ^ z 
and therefore for z — > 00 

(7 = 1- 



, U = UooZ 



-D2 



-(£'2-1) 



Do 



1 



(A.13) 



(A.14) 



We may fix the initial values for p, a and U for some very 



large zq, i.e. po = ^0 



..-£'2 



and ctq, Wo given by 



eqs. (jA.14l) . (|A.3p . The fate of the solution for smaller 
values of z depends on the integration constant Uqo- For 
Woo = we recover flat Di + Z52 + 1-dimensional space, i.e. 
the exact solution p = z^, cr = 1. For Uoo we may have 
either a singularity or finite nonzero values of p and a for 
all finite z. However, finite nonzero values for p and a for 
z ^ — 00 are excluded. This would imply vanishing IJ and 
W in this limit and contradict eq. . We conclude that 

either p or cr have to vanish or diverge at some value z or 
for z — !■ —CO. 

We may insert eq. (|A.3p into eq. (jA.ip 



C/2 



lD2iDi+D2-l) 



2Di(D2-l) 



Di 



4D2{D2 - ly 

Di{Di+D2 - l)pC/2 



(A.15) 



For the case of higher dimensional black holes, where Di 
1, this equation reads 



U' = 



2{D2 - 1) 



l-eD2^ I 



A{D2-lY 



pU'^ 



(A.16) 



The qualitative behavior of the solution can be understood 
by comparing the relative importance of the two terms un- 
der the square root in eqs. (jA.15p . (|A.16[) . For large z one 



(A.9) has pU^ 



-2{D2 1) suc]^ that the second term in the 



square root ^ (pU^)^^ is large. As long a,s W + 2U' /U 
remains negative, the importance of this term decreases a 
as z gets lower. With 



W 



2U' 



lDi{Di+D2 - 1) 



C/2 



4(i?2 - ly 



U \l D2 p 

(A.17) 

and e = 1 this is indeed the case. We note that the square 
root multiplying e never vanishes, such that by continuity 
e = 1 for the whole range of z where the solution exists. 
The solution therefore makes a smooth transition from the 
regime of small pU^ for large z to the regime of large pU^ 
for smaller z. 

In the second regime we can expand the square root in 
powers of {pU^)~^. The leading terms read for Di > 1 



W = 



D,U 



Do 



and 



U' 



DiU^ I ^ l D2{Di+D2-l) _ ^ 



2{D2 - 1) 



Di 



Here we define ^ = sign{U) and 
2 



V = 



D1 + D2 



D2{Di+D2-l) 
Di 



(A.18) 



V ' 

(A.19) 



(A.20) 
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corresponds to r]- for f = 1, while for ^ = — 1 we find rj^ 
(cf. eq. dSS])). We note that eqs. (|XT^ . (|X20)) are also 
the leading contribution for Z?i = 1. The general solution 



U 



, a^aoiz-zy (A.21) 



shows a singularity at z where a vanishes. (Without loss 
of generality we can choose z = 0.) At this singularity one 
has 



1 



P = Po{z - zY' 



z — z 

and we find from eq. (jA.lSp for Di > 1 



7 



(A.22) 




(A.23) 



For ^ = 1 one has 7_ which is negative for all Di > 1. The 
function p diverges as the singularity is approached. Since 
the warp factor goes to zero (jj = -q^ < 0) we encounter a 
zerowarp. The contribution to volume factor including the 
warping goes to zero 



P 



n(I52 7--Di»?)/2 



(A.24) 



On the other hand, for U < 0,^ = — 1 the singular expo- 
nents are given by the positive values (?7+, 7+). Now p goes 
to zero for Di > 1 and the solution describes the singular 
geometry of a brane with codimension D2 + 1 > 3. Since p 
vanishes at the singularity, there is no horizon away from 
the singularity. While R and Rp^pR^'^ remain zero as the 

singularity is approached, we expect that Rf^p^^^R'^^'^^ and 
other invariants diverge, such that we have a true singu- 
larity. In the brane picture, this singularity in the metric 
will be produced by a singular energy momentum tensor 
for the brane sitting at z. Numerical solutions yield either 
a brane or a zerowarp singularity, depending on the inte- 
gration constants. Once we have fixed the location of the 
singularity at z = and the normalization a{z — > 00) — )■ 1, 
there remains only one free integration constant. This may 
be identified with the strength of the singularity, similar to 
the mass of a black hole, and is reflected in Woo- 

The case of black holes for £)i = 1 is special. For Di ^ \ 
one finds from eq. (jA.23p rj — > —2 ,7^0. This is an 
indication for the qualitative changes for the black hole for 
Di = 1. Indeed, for I?i — 1 the leading behavior of W for 
large pU"^ becomes 



W 



2{D2 - 1) 
pU 



U 



p' = {D2~l){z-z), 



Do-1 



{z zf 



(A.25) 



(A.26) 



For ps > one finds close to the singularity p 
const., a — > <Jq{z — z)^, such that pU^ — > 4ps/{z — z)^ 
diverges. On the other hand, for p^ = both a and p 
vanish ~ (z — z)^, and therefore pU^ 2(£)2 — 1). The 
approximation leading to eq. (|A.25P does therefore not 
remain valid for ps — 0. 

The case ps — corresponds to 7 = 2 for the general 
ansatz (|52l) . In this case eq. ([5^ is no longer valid. For 
7 = 2 the terms ^ p^^ matter and eqs. (|A.ip . (|A.2p imply 
the relations 



2{D2 - 1) 



2{D2-l)-Di'n 



2{D2 - 1) 



Po 



(A.27) 
(A.28) 



Eqs. (|A.27P and (|A.28p have no solution for D2 > I and 
finite ps- Indeed, a numerical solution of the differential 
equations shows that p{z —> z) always approaches a posi- 
tive constant ps > 0, for all integration constants Uoo 0. 
This shows that isotropic black holes in arbitrary dimen- 
sions always have a horizon. 

In order to make contact with the Schwarzschild metric 
ds'^ = -B{r)dt^ + A{r)dr'^ + r'^d'^il we identify 

= p{z) , B{r) = ct(z) , A^/'^{r)dr = dz, 

The nonzero value of ps for Di = 1 implies that the singu- 
larity occurs for a nonzero Schwarzschild radius — ^/p7, 
corresponding to the horizon. In our coordinates the rela- 
tion A{r)B{r) ~ const, translates to 



P 



a 
a 



p' 



0. 



(A.30) 



This can be written as W = WW 



■^W^ and coincides 



with eq. |(X8)) . Using eq. C09|) our solution for black 
holes in arbitrary dimensions can easily be transformed to 
the Schwarzschild coordinates. 

One may ask if a horizon can also exist for branes with 
Di > 1. A finite ps at the singularity corresponds to 7 = 0. 
From eq. (|A.23P we conclude that this is not possible for 
Di > 1. The generalized branes embedded in flat space 
have no horizon, except for the black holes with Di = 1. 

For = 0, Ai = 0, A2 > the solutions of branes 
embedded in flat space are the generic solutions. We can 
take e = 1 and use the fact that e cannot switch since F is 
negative (cf. eqs. ([TT]), We therefore can have only 

one singularity. This must be encountered for decreasing 
z. Taking the location of the singularity at z = and 
following the solution for positive z one finds flat space for 

Z —^ 00. 

The situation changes drastically for A2 < 0. Now the 
sign e may switch. We find indeed solutions with two sin- 
gularities, one brane (77+, 7+) and one zerowarp (77-, 7_). 
The volume as well as the effective Di-dimensional gravita- 
tional constant ~ cr are finite. In contrast to the solutions 
for A2 > an effective Z?i -dimensional gravity exists for 
A2 < 0. 
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Finally, we can consider the boundary case = 0, Ai = 
0,A2 = 0. In this case we find that the singular so- 
lutions ([52]) , both for (77+, 7+) and (r/_,7_), are exact. 
Also p{z) = p(),a{z) — (To is an exact solution. This de- 
scribes fiat space in cartesian or torus coordinates if we 
take f?^^^"* = Sap- For all these solutions cr diverges. For 
Ai = A2 = the overall scaling of a and p does not en- 
ter the equations such that ctq and po are integration con- 
stants that may be set to arbitrary values without affecting 
the character of the solution. At some Zi„ we may take 



din = o-qz^^, Pin = pozj^. FoT an arbitrary value of the 
third integration constant Uin ^ we can always find Zi„ 
such that Uin = —t]±/zin. This means that these initial 
values correspond to the exact solution (j52p for appropri- 
ate (To and pq. For {/„ = one has the flat solution. The 
exact solutions (|50|) are therefore the most general solu- 
tions for = Ai = A2 = 0, with integration constants 
given by ctojPo and the location of the singularity z. For 
D2 ~ I only the zerowarp solution exists besides flat space. 
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